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Lecture 14
February 21, Part A

Finding a root of a function f: R — R, i.e., to say a root of the equation

fa) =0

is a common problem in applied mathematics. We will discuss over how to numerically solve the equation
for functions with a closed form, along with some other conditions.

Iteration Methods

All the numerical methods which we will use for approximating the root of the equation will be iteration
methods. In iteration methods we compute a sequence of increasingly accurate estimate of the root of
the equation f(z) = 0.

14.1 Bisection Method

Suppose we have a function f : R — R, such that
= fE€6a,b],ie., fin continuous on the closed set [a, b].
» f(a)f(b) <0, ie., f(a) and f(b) have opposite signs.

Then note that from Intermediate Value Theorem!, we have, there exists at least one o € [a, b] such
that f(a) = 0. In this setup we can use bisection method to find a root to the equation f(z) =0, to
our precise degree of accuracy. We will now design an algorithm for the bisection method.

14.1.1 Algorithm for Bisection Method

Our function will take 4 inputs:
= The continuous function f.
= Points a and b in the domain of f such that a < b, and we have f(a)f(b) < 0.

= An error tolerance level € > 0. The error tolerance level will indicate our function when to stop
the iteration process.

The bisection method will consist of the following steps:

Step 1. Define ¢ = 1(a +b).
Step 2. If b — ¢ < ¢, then terminate the iteration process and return ¢ as the root.
Step 3. If sgn(f (b)) -sgn(f(c)) <0, then set a = ¢, else set b = ¢, and return to Step 1.

lIntermediate Value Theorem: Let f : [a,b] — R, be a continuous function, and let n be any real number between
f(a) and f(b), then there exists a ¢ € [a, b] such that f(c) = 7.



flb)y <o

Figure 14.1.1: Bisection Method

Now, we will show that if f is a continuous function on the set [a, b], where a and b are points such that
f(a)f(b) <0, then bisection method is guaranteed to converge to a root of f.

14.1.2 The Bisection Method is guaranteed to converge to a root
Let a,,b, and ¢, be the n!" computed values of a,b and ¢ respectively and we have a; = a,b; = b.

And let « be the true root of the function f, i.e.,

fla)=0

Then observe that 1
bnt1 — Qi1 = i(bn—an), VneN (14.1.1)

and hence from equation (14.1.1), and using induction we easily get that
1
Now at the n'" iteration, we will have, ¢,, = %(an +by), and since throughout the process we have either

flan)flen) <0or fen)f(bn) <0, thus « either lies in the interval [a,, c,] or in the interval [c,, by],
in either case, we since

1
cn—an:bn—cnzi(bn—an)
we get that

1
o = al < 5 (bn — a0)

and then using equation (14.1.2), we get that

1
la —cp| < 27(b—a) (14.1.3)
and hence since
(0=



we deduce that ¢,, — «, as n — oo, hence the bisection method guarantees that eventually our estimate
will converge to a root of f. Now ofcourse our function can not run for enternity, so we must terminate
it at a certain point this is where Step 2 is necessary. But the next question that arises is how many

iterations would we need to reach to our desired root?

14.1.3 How many iterations do we need?

Theorem 14.1.1. Let n be the number of iterations required to a root within our desired error

tolerance level € > 0, then we have

In (b—a)
n>—~¢/
~— In2
where a and b, are the endpoints of our initial interval.

The number iterations required, is equivalent to finding the n such that
o —c,| <e
But from equation (14.1.3), this is equivalent to finding n such that

1 b—a
—(b— < — <"
2n( a)<e= p——

taking logarithm on both sides we get that we must have

In (*2¢)
nz In2

14.1.4 Pros and Cons of Bisection Method
Pros:

= The number of iterations, i.e., n can be estimated.
= Is guaranteed to converge to a root of the function.

(14.1.4)

Cons:

= The algorithm converges to a desired root more slowly than other algorithms.

= To we must find a and b such that « € [a, b], which can be sometimes difficult to find.




Lecture 15
February 21, Part B

15.1 Newton’s Method/Newton-Raphson Method

Unlike the Bisection Method, here we don't have to evaluate f to find the appropriate a and b, which
is a good thing. However, Newton's Method, as we will see, is not guaranteed to converge, which is a
bad thing. We will also see that it depends crucially on the selection of xzg. Moreover, we will need the
function to be differentiable in our domain of interest.

15.1.1 Algorithm

First, we make an estimate of the root o of f, which we shall denote by zy. Consider the equation of
the line tangent to the graph of y = f(z) at (zo, f(z0))

pi(x) = f(zo) + f'(z0) (x — x0) .

This is just the linear Taylor polynomial for f at x.

Define x; to be the root of p;(z) = 0. We solve
p1(x1) = f(xo) + f'(20)(x — o) = 0.

for x1 to get

1 = o — f(.i?()) .
f'(@o)
Repeating this procedure, we get x5 from z; as
o f(z1)
To = X1 f’(ZL‘l) .

Proceeding inductively, we get a sequence {x,,} according to the following recusion formula:

Tpil = Tn — mn >0 (15.1.1)

The sequence {x,} is a sequence of estimates for . This procedure of estimating the root « using the
recursion formula (15.1.1) is known as the Newton-Raphson Method.
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Figure 15.1.1: Newton Raphson Method

15.1.2 An example computation problem

Now, we take a look at an example computation problem that can be solved using the Newton-Raphson
Method.

Given a,b € N, we want to compute 7 without performing the division operation.

Early computers could support addition, subtraction and multiplication but division needed to be imple-
mented using an algorithm as we are going to discuss. In order to solve this problem, we take the inputs
a, b, following which we can get the answer by multiplying a and %. For this, we need to compute %

which can be done by solving
1

fx)y=b—==0 (15.1.2)
x
Remember that here we are trying to estimate the root o = 1 of the function f defined in (15.1.2) . We
have f'(z) = J5. So, by the Newton's Method, the recursion that we get is
b— 1

_ Tn
Tptl =Tp — — 71 -
z?

which on simplifying gives us
Tpt1 = Tn (2 —bzn),m >0 (15.1.3)

Notice that the arithmetic of (15.1.3) involves only subtraction and multiplication which were supported
in the early computers.

a—Ty,

Now, we look at the error analysis of this procedure. From ¢, = , we easily get

= Ein > €z, = (ezo)zn (1514)

S

According to (15.1.4), the relative error of x,,i.e. €., , can rapidly decrease to 0, as n increases if we
can ensure |eg,| < 1.

So, we want |[“=*2| < 1.

= If 2o > @, then 2222 <1 — g9 <2a =%



v If 29 <, then 520 <1 = 20 >0

This gives us the equivalent condition 0 < xy < % Therefore, the Newton-Raphson Method guarantees
convergence to a = % if and only if x( satisfies the above condition.

At the lowest levels, this procedure is how computation is carried out by some computers even today.



Lecture 16
February 28, Part A

16.1 Error Analysis of the Newton Raphson method

We begin by assuming that we are to use the Newton Raphson method to find a root « of a function f
(which we have a closed form expression for). We start with an initial guess of «, which we denote
by xo. The iteration used in the Newton Raphson method is

Definition 16.1.1.

f(@n)
n — dn — v Z 0
=,y 20
We can calculate f(x,) and f'(z,) because we have a closed form expression for f.

Note that if any of the f'(x,,)'s are 0, the iteration immediately fails at that stage. This is a flaw present
in the Newton Raphson method that the bisection method doesn’t suffer from.

In order to carry out the error analysis, we have to make some assumptions which we list below.

= There exists a p > 0 such that f is continuously differentiable atleast twice in [a — p, a + p]. This
assumption must be taken on faith.

» f'(a) # 0. If this assumption is not true, it is not possible for the iteration to converge to «, as

the term ff,((g;")) would blow up to infinity if it did.

Note that the two assumptions listed above imply that f/ # 0 in some neighbourhood of «.

Next, we assume that for some n z,, is sufficiently close to a. Sufficiently close as in sufficiently close
for the manipulations that follow. Then, using a Taylor Expansion (we can do that because we have a
closed form expression for f), and cutting it off after 3 terms, we can write

Fl@) = Flea) + (0= o) /() + 50— 222 (1)
W

= 0D (@) + (a2 ) + (0 )T )
@ fG) o )
= 0= ) +( n) + ( n) 5 ()

where equality (1) follows from the fact that « is a root of f, equality (2) is obtained by dividing both
sides of the equation by f’(x,,), which we can do since f’(x,) is close to f’(«) # 0, which in turns hold
because f is continuous (by assumption) and z,, is sufficiently close to «. Using equation 16.1.1, we
obtain

10



Corollary 16.1.0.1.

1
_ — _ 2| f (xn)
Q= Tpt1 = (@ —Tp) { 2f’(xn)}
Therefore we may say that
. . 2
Error in 2,41 ~ (Error in x,,)

where ~ stands for proportionality. (Note that we are assuming that f’(x,) # 0). For convergence,

{f/((”;';)) must not be too big.

Next, we run into yet another problem: We cannot compute either side of equation 16.1.0.1, as we don’t
know the value of a. Which brings us to the next section.

16.2 Bounding some Parameters

Although we don’t know the value of «, we are working with an z,, which is “sufficiently close” to it. In
that case, since f” and f’ are continuous at o € [a — p,a + p|, we have

B f"(a) - f”(l'n)
2f'(@) — 2f"(zn)

M =

Rewriting 16.1.0.1, we get

O —Tpt1 =~ (a— xn)QM

— M (@ — 2p41) & [M (a — z,))?

Now, we carried out this analysis assuming that the iteration converges. If we also assume that iterates
do not again stray far from « after they get close to it (this is possible because for convergence only the
behaviour in the long run matters), and if we assume that z is sufficiently close to « (previously we'd
let z,, be sufficiently close to « for some n whose value was unknown to us), using induction we get

Theorem 16.2.1. B
M(a—x,) = [M (o — a:o)]2

Since the iteration converges, it cannot be the case that |M(a — )| > 1, which implies that

Theorem 16.2.2. Under the conditions required for 16.2.1 to hold,

1
|[M(a—20)| <1 = |a— 20| < =
|M]|

The above theorem implies, among other things, that if | M| is very large, our initial guess x( will have to
be very small, for the error analysis in theorem 16.2.1 to hold. Intuitively, f should not be “flat” around
the root. Newton Raphson will fail often and fail miserably if f”(«) is finite, and f’(a)) = 0, which
happens even when you're dealing with relatively ordinary functions like the trigonometric functions.

The case where f”(«) blows up to infinity doesn't happen as often; for examples look at functions that
have exponential-like growth.

16.3 Even more computational problems

We once again ask ourselves - what are the things we can compute? A little reflection should reveal to
you that we can compute the following and just that:

11



= We have a closed form expression for f, and hence
= We know the values of xg,z1,....

= We know the values of f(xq), f(x1),....

= We know the values of f/(z¢), f'(z1),....

= We know the values of f”(xo), f"(x1),....

Now, using the mean value theorem and the fact that f(«) =0, if z,, is sufficiently close to «, we have

flan) = f(@a) = fl@) = f'(&)(2n — @)
for some &, € (o, xz,,). The last equation can be written as

_ f(zn)
f'(&n)

o — Ty =

f'(&n) ~ ' (zn)

If — f,((””") ~ — L&) then from definition 16.1.1, we obtain

A — Ty R Tptl — Ty

One way to use this is to find such a &,, in which case you can guess where « lies relative to x,,, use the
above equation for error analysis, etc.

We end by noting that although the bisection method always works (provided you can bracket the roots),
but Newton Raphson can fail. However when it does work, Newton Raphson converges to the root much
faster than the bisection method.

16.4 The Secant method

We wish to find a root « of a function f. Start with two initial guesses of o namely z¢ and z1. Ideally,
the guesses should bracket .. Then, compute subsequent guesses using the following iteration

Definition 16.4.1.

Tp — Tn-1

f(xn) - f(xn—l)

Tn4+l1 = Tp — f(xn) V(Tl Z 1)

Note the similarity between the Newton Raphson method and the Secant method! (The derivative in
the Newton Raphson method is replaced with a discrete version of it)

Unfortunately, the Secant method converges more slowly than the Newton Raphson method, and thus
finds little practical use.

It is possible for the guesses to alternate between a few values, and not converge.

Also, just because the initial guesses bracket the root, that doesn't mean the subsequent guesses will
too.

Normally, when we compute z,1, we discard x,,_1. But you can instead discard z,, if you need to, with
the goal of having guesses that bracket the root. Although even an uninterrupted bracket fails when the
expressions of the form f(xz,) — f(x,—1) are too large, and thus the brackets keep getting larger and
larger instead of smaller.

For an example of what can go wrong with the secant method consider the case of a vertical parabola
with vertex at 0, and initial guesses +1.

12



(o, f(w0))

Zo

Figure 16.4.1: Secant Method

It is not clear to me whether the secant method will converge if our initial guesses bracket the root, we
always choose our subsequent guesses so that they always bracket the root, and f has different signs at
our guesses (including the initial guesses). Someone should probably investigate.

13



Lecture 17
February 28, Part B

17.1 Fixed Point Method

The Newton Raphson method and secant method are one-point and two-point iteration methods
respectively (an algorithm is said to be n-point iteration method, if for the iteration to begin we need n
initial guessed points). Now we will go over more general theory of one-point iteration methods. Conisder

the simple equation
2 -5=0 (17.1.1)

then a root of the equation (17.1.1), is @ = v/5, and consider the following iterative methods for solving
the above equation:

Tpy1=5+x, — 22 (17.1.2)
5
1
Tpt1 =1+ x, — gxi (17.1.4)
1 )
Tn+1 = 5 (Jjn + x) (1715)

Then its easy to observe that for all the above sequences whenever the sequence {z, },cn converges to
some real number «, then & = /5. This can be easily seen by assuming {z, }en converges to «, and
then taking limit as n tends to infinity. For example in equation (17.1.2) (assume that for some initial
guess the sequence converges), then we have

a= lim x,4; = lim (5+xn—xi) =5+a—-a’=a=V5
n—oo n—oo
Now observe that all the above iterative equations, have the general form

Tn41 = g(In) (1716)

for some appropriate continuous function on a suitable domain. For example in case of equation (17.1.2),
the function g(z) = 5+ x — 2. And assuming that z,, converges to a, we get that

0= Jim v = fim g(r) =g (Jim ) = g(o)

Thus « is a solution to the equation g(x) = x, and hence we have « is a root of g.

The above idea motivates us to see that the problem of finding a root for the equation f(z) = 0, can be
converted into an equation g(x) = x, where we can take g(z) =« — f(x). Thus if a is a root of f, i.e.,
f(a) =0, then we have

g@)=a—f(a)=a

14



Now as we will see, if we are given some further informations about the functions we are working with,
then fixed point iteration methods are faster than bisection method and are even guaranteed to
converge to a root.

Remarks: Fixed point iteration method has a lot of applications in Chaos Theory. ]

Now let us look at some of the necessary conditions, we may need for the fixed point method to work!

The first question that arises naturally is, when does the equation g(x) = x has a solution?

17.1.1 Necessary Condition for Existence of a Fixed Point

Theorem 17.1.1. Let g : [a,b] — R, be a continuous function, and suppose g satisfies the
property
a<z<b=a<g(z)<b

then the equation = g(z), has at least one solution « in the interval [a, b].

Proof. Define f(z) = = — g(x), then we have f is a continuous function on [a, b], and we further have

fla) =a—yg(a) <0 and f(b) =b—g(b) >0
and hence by Intermediate Value Theorem, we get that there exists a « € [a, ], such that f(a) =0,
but then we get g(a) = a. [ |
y
b H
i ]
Ly =g(x)
J x b z

Figure 17.1.1: geometrical interpretation of Theorem 17.1.1

Theorem 17.1.1, can be geometrically interpretated as if we have a function g : [a,b] — [a,b], i.e., the
graph of g is inside the square region [a,b] X [a,b], then the graph of g must intersect the diagonal of
the square, i.e., y = z line at some point, which precisely gives us that there exists a a € [a, b], such
that g(a) = a.

15



Definition 17.1.1. Now consider the following assumptions:
» g is differentiable on [a,b], and further ¢’ is continuous on [a, b].
» z € [a,b] = g(z) € [a,b].
» \:= max |¢'(z)| < L
a<z<b

Then with the above assumptions we can guarantee, that there exists an unique root.

17.1.2 Uniqueness of the Fixed Point

Theorem 17.1.2. Assume that g satisfies all the above conditions given in definition 17.1.1,
then g has an unique fixed point in [a, b].

Proof. Now the fact that g is differentiable on [a,b], tells us that g is continuous on [a,b], and then

second condition of our assumptions, along with theorem 17.1.1, gives us g has at least one fixed point
in [a,b].

Let w1, ws € [a,b] then from Mean Value Theorem?!, we get that there exists a ¢ in between w; and
wy such that

g(wi) — g(wa) = ¢'(c) (w1 — wo)

But then we get that
lg(w1) = g(wz)| = |g'(c)[Jwr — wa| < Awy — wy| (17.1.7)

Now suppose there exists ¢, ca € [a,b] such that g(c1) = ¢1 and g(c2) = ca, then we have

lc1 — cal = [g(e1) — g(ca)

(17.1.7)
S )\lCl — C2|
and hence we get that
(1—)\)‘01 —CQ| SO (1718)

But note that from the third condition in our assumptions, we have 1 — A > 0, and hence only way
equation (17.1.8), can hold is

|Cl—62‘§0:>|Cl—02|:0:>01:(32

Hence, g has an unique fixed point in [a, b]. [ |

!Mean Value Theorem: Let f : [a,b] — R be differentiable on (a,b), then there exists a ¢ € (a, b) such that

f®) = f(a) = f/(c)(b—a)

16



Lecture 18
March 4

18.1 Fixed point methods

Instead of trying to find a root to an equation of the form f(z) = 0, we can try to find a root to an
equation of the form xz — f(x) = x. Defining g(x) :== x — f(x), we see that the task of finding a root of f
is equivalent to finding a fixed point of g (a fixed point of a function g is a real « such that g(a) = «).

We shall deal mainly with non-linear functions, as finding the roots/fixed points of linear functions can
be done by employing the techniques of linear algebra, which we have already covered.

Therefore, we now set for ourselves the task of finding fixed points « of a function g. But first, we recall
some theorems that we proved in previous lectures

Theorem 18.1.1.
If the following conditions obtain,
» g:[a,b] = [a,b].
= g is continuous on [a, b].
Then g has a (not necessarily unique) fixed point in [a, b]. |

Theorem 18.1.2.
If the following conditions obtain,
» g: [a,b] = [a,b].
= g is continuous on [a, b].
» ¢’ exists in [a,b].
= ¢’ is continuous on [a, b].
= A= maXgea,b] |g/(l')‘ <1
Then g has a unique fixed point in [a, b]. [ ]

Note that we have the same problem here as when we did the bisection method; the problem of finding
a suitable interval ([a,b] in this case). But let us assume that you have found such an interval, and
proceed.

Under the assumptions of theorem 18.1.2, if we start with an initial guess xq € [a,b], and define
subsequent guesses using the recursion

Definition 18.1.1.
Tp1 = g(za)  VY(n20)

then if we denote the unique fixed point of g in [a, b] by a, we have
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Theorem 18.1.3.
o — 2| < A" — 2o

Proof. Assuming the preconditions of theorem 18.1.2, g: [a,b] — [a,b]. Combining that with the fact
that xo € [a,b], it is easy to see by induction that x,, € [a,b] for all n. > 0.

Now, by definition 18.1.1, and the fact that g(«) = «, we have
a—app1 = g(a) = g(zn) = ¢'(cn) (o — 25)

for some ¢, € («,x,), by the mean value theorem. Since by the preconditions of theorem 18.1.2
A= maX,e[qp |9'(7)] < 1, we obtain from the above equation

la = Zn1] < Ao — @y

By induction, we get
o — x| < A — 2o

Corollary 18.1.3.1. Under the assumptions of theorem 18.1.2,

lim z, =«
n—oo

Proof. By theorem 18.1.3, |a — 2| < A™|a — 2p]. Since A < 1, we get

lim |o—2,| =0
n— oo

using the squeeze theorem (the L.H.S. of the squeeze is 0 < |a — x|, which follows from properties of
the || function). [ |

Corollary 18.1.3.2. Under the assumptions of theorem 18.1.2,

n

1-A

la — x| < |zo — 1]

Proof. Note that

(1) (2)
lo = 20| < Ja— 1|+ |20 — 1] < Mo —z0] + |20 — 21
= (1= N)|a— o] < |zog — 21|

(3

To— T
:)>|a—m0|§7| 0 1

T (4)

where inequality (1) is the triangle inequality, and inequality 2 follows from theorem 18.1.3. Implication
(3) is justified as A < 1 and therefore we are not dividing by 0. But then

1—A

(5) 6)
oo — x| < Ao — 2] < |xg — 1]

where inequality (5) follows from theorem 18.1.3, and inequality (6) follows from inequality (4) above.
|
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Now we come to what is probably the most important theorem in this lecture.

Theorem 18.1.4. Under the assumptions of theorem 18.1.2,

0 o — mn+1
lim ————
n—o0 o — Ip

=g'(@)

Proof. Note that by the mean value theorem, for all n > 0 we have o — zp41 = g(a) — g(z,) =
g (en)(a — xy,) for some ¢, € (o, xy,). Therefore,

. QO — Tp41 .
lim ———— = lim ¢'(c,)
n—oo o — Xy, n—o00

But since z,, — «, ¢, = a too, and then using the fact that ¢’ is continuous in [a, b], we get

lim g'(cn) = g'(e)

n—oo

Definition 18.1.2. Suppose we have a sequence {y,} that converges to 3. We say that {y,}
converges to [ linearly, if for all n

B = Yn+1 = C(B - yn)p

with p = 1.
If p > 1, we say that the sequence {y,} converges to ( super-linearly.

We are now ready to state the final theorem of this lecture.

Theorem 18.1.5. If we assume the preconditions of 18.1.2, and we additionally assume that
g'(a) # 0, z,, converges to « linearly.

Proof. Theorem 18.1.4 tells us that lim, o, 21 = ¢/(a). That implies, as long as ¢’(a) # 0 and

a—x

therefore higher order terms do not dominate, that for large n,
o = 2as1 & g'() (@ - @)

(The convergence is guaranteed both by theorem 18.1.1 and by the fact that ¢'(a) < 1, which follows
from the preconditions of 18.1.2). [ ]

We end by remarking that fixed point iterations are very easy to program owing to the simple nature of
their iterations.
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18.2 Introduction to Interpolation

18.2.1 What is Interpolation?

Let f(z) be a function on an interval [a,b]. The goal is to construct a function g(z) that approximates
f to within a given error. To do so, we must specify:

= The structure of the approximating functions
= The way of measuring error
And, We have 2 problems now:

= Problem I: The function f(z) is given (like f(z) = e*), can be evaluated at any point z, and
we seek a simple function g(x) (like g(x) = ax + b) that best approximates f. The simple part
constrains the possible accuracy.

= Problem llI: Values are given at a set of points: (o, fo), ..., (Zn, fn) with f; = f(z;) but f(x) is
not known. The amount and type of data constrains the possible accuracy and what approximations
may be constructed.

Our approach to approximation is known as interpolation. The process of finding the value of f(x)
corresponding to any value of x = x; between zq and x,, is called interpolation.

Definition 18.2.1 (Interpolation). The technique of estimating the value of a function for any
intermediate value of the independent variable.

If the function f is known explicitly, then the value of f(x) corresponding to any value of = can easily
be found. Conversely, if the form of f(x) is not known (as is the case in most of the applications), it is
very difficult to determine the exact form of f(x) with the help of tabulated set of values (z;, f;).

Figure 18.2.1

In such cases, f(x) is replaced by a simpler function ¢(z) which assumes the same values as those of
f(z) at the tabulated set of points. Any other value may be calculated from ¢(x) which is known as the
interpolating function or smoothing function.

Remark: If ¢(z) is a polynomial, then it called the interpolating polynomial and the process
is called the polynomial interpolation. Similarly, when ¢(x) is a finite trigonometric series, we
have trigonometric interpolation. But we shall confine ourselves to polynomial interpolation
only.
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Caution (interpolation vs. approximation): Note that interpolation is not exactly the same as
approximation - it is a strategy that one hopes will approximate the function. There is no exact
and unique solution. The actual function is NOT known and CANNOT be determined from the
tabular data. In the case of Problem Il where data is given, interpolation is natural since it uses
precisely the data we are given.

For Problem | (where f is given), it is not obvious that interpolation is the right way to obtain a
small max-norm (or any other error). Compare, for instance, to a best-fit line that does not have
to pass through any points.

.

From the set {(zo, fo),. .., (zn, fn)} with f; = f(x;), we would like to write,

f(z) ~ ¢(x) such that ¢(x;) = f; Vj € {0,1,...,n}

Example 18.2.1. Some examples of various kind of interpolation are following:
= Linear Interpolation (General construction idea)
Here, we choose a set of (n+1) functions {¢;}7_, and assume that ¢ is linearly dependent
on ¢;'s.

o(z) = 3 aigila)
1=0

(a) Polynomial Interpolation (¢;(z) = x%)

(b)
o(z) = Z aye’"t = Z ar cos(rz) + ¢ Z ay sin(rax)
r=0 r=0

r=0
(c) Cubic Spline interpolation
* Here, we assume that ¢(z) coincides with a cubic polynomial on every interval
[CL‘i,CL‘iJrl],i = 0, 1, ey
* Polynomials on different sub-intervals need not match.
= Non-Linear Interpolation
(a) Rational function interpolation

ao+a1x+ -+ az”
¢(z) = m

Note that, total n + m + 2 parameters ag, a1, ..., an,bg,b1,...,b, need to be deter-
mined here.

Remark: Interpolation is a "guess" of function in a "valid domain" given to us.

In the above case, the "valid domain" is [min z;, max x|
j J

On the other hand "guessing" a function outside the domain is known as Extrapolation.
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Lecture 20
March 7, Part A

20.1 Interpolation

In numerical analysis, we are often provided with a table of values of a function f(x) with respect to
some argument x. Examples might be log tables, tables for various statistical distributions, non-analytic
integrals etc. This approach, although extremely convenient for practical purposes, has its limitations.
The most obvious one being that a table can only contain finitely many values of a function, from which
we need to estimate the intermediate values. This is one of the places where interpolation becomes
invaluable. It can also be used to develop polynomial approximations of transcendental or even non-
analytic functions.

Interpolation basically deals with approximating a function given its value at some support points. It
is used, as the name suggests, to approximate f(z*), where z* lies between two of the given support
points. This gives rise to an "approximate function" which can be used to get a reasonable guess of what
f(x*) should be. The function formed must satisfy all the support points.

The subject of interpolation has also given rise to one of the most impactful algorithms of the 20"
century, the Fast Fourier Transform.

20.2 Lagrange’s Interpolation Formula

Let IT,, be the set if all polynomials with degree < n. Thus, any P(z) € II,, can be written in the form:
P(x) = Zajxj a; € R Vj=1(1)n
§=0

Given (n+1) support points , the Lagrange interpolation gives a polynomial of degree n which satistfies
all the points. So, if (x;, f;) for i = 0(1)n be the support points (where f; are the values of the function
at z;), we will have:

P(l‘l) = fz Vi = 0(1)7’L

Remark: The support points must have distinct abscissae. Otherwise, one or more support
points are either redundant or contradictory. So, we need:

TiFr; ViF]

Throughout this lecture, we will assume that this conditions is met.

J

We will show that given these conditions, 3'P € II,, such that the interpolation condition is staisfied,
i.e, P(x;) = fi Vi=0(1)n. We first show the existence by construction of Lagrange Polynomials
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and then uniqueness.

Definition 20.2.1. Given (n+1) support points (z;, f;), ¢ = 0(1)n with distinct abscissae, we
define the i*" Lagrange Polynomials as follows:

-
g=0""
J#i

Then, taking P(z) = .7, fiLi(x), it is easy to see that

ifi==k%
otherwise

1,
Li(xy) = i = {0

n

n
SP(ak) =Y fiLli(aox) =Y fidik = f
i=0 i=0
i.e, it satisfies the interpolation condition. This proves the existence of P. |
To prove the uniqueness, we assume two polynomials P (z), P>(x) € II,, which satisfy the interpolation
conditions. Then the polynomial:
Pg(a;‘) = P1(x) — PQ(J?) elIl,

has at least n + 1 roots {x; : i = 0(1)n}, and is thus identically zero. Hence, P;(z) = Px(x), and the
interpolating polynomial is unique. ]

This, in turn, shows that the Lagrange Polynomials are the only ones satisfying L;(zx) = d;, as it is a
special case of the Lagrange Interpolation.

Remark: As the polynomial is unique, we have different approaches for finding f(z*):

1. Finding the coefficients of P(x) and then calculating P(z*).

2. Finding the value of P(x*) directly from the support points.
The two interpolation methods discussed in this lecture, Lagrange Interpolation and Neville In-
terpolation, are best suited to approach (2).
Approach (1) is more convenient when the interpolation needs to be done multiple times. This
is best done using Newton's Divided difference method, as will be discussed later.

Example 20.2.1. Say the following support points have been provided. Find the interpolated
value at z* = 2.

0] 13
L 113]2

Solution.  We simply compute the values of the Individual Lagrange Polynomials at * and then put
them together.

v oy (@ —m)(@t —xp) 1
Folem=2) = (o — 1) (w0 —2) 3
Similarly,
1

L1(2) =1 and L2(2) = g
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Thus
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Lecture 21
March 7, Part B

21.1 Neville’s Algorithm

An alternate approach to solving the interpolation problem would be to initially solve the problem for a

smaller set of support points and then use these to recurrently arrive at the final solution.

Definition 21.1.1. Suppose we are given a set of support points (z;, f;) fori =0, 1,. ..

define by P;;, .. i, € Il the polynomial such that

Pioil...ik(xij) = fij, Vj = O, 1, oo .,k}.

Theorem 21.1.1. The polynomials defined above obey the following recursion:
Pi(z) = fi,Vi (k=0 = deg(P;) =0 = P,'s are constant)

(:L' - xio)Piﬂz-uik - (x B xik)PiOil---ik—1<x)

{Eik — iCZ'O

Pioil--«ik (.13) =

,n. We

(21.1.1)

(21.1.2)

Based on the above theorem (21.1.1), we can construct a symmetric table to represent the flow of
recursion as we calculate the final solution of the interpolation problem using solutions in intermediate

steps.

By uniqueness of interpolating polynomials, we can say that the polynomials that we get at each inter-

mediate step and the one that we get at the final step are all uniquely determined.

Table 21.1
k=0 k=1 k=2.
Jo = Po(x)
P()l(ZL)
f1 = P1($) P()u(if)
Pyo(x)
Pon(2)
fn = Pn(x)
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Example 21.1.2. Let's verify the recursion for k = 1. We have

(x — xo)Py(x) — (x — xl)Po(x).
Tr1 — o

Poi(z) =

Notice that here ig = 0 and 7; = 1 with k = 1. So,

—(z0 — 1) Po(20)
r1 — o

Po1(wo) = = fo [ Po(zo) = fol-

and
(x1 — 20)P1(71)

1 — To

Poi(z1) = = f1 [ Pi(x1) = fi.
So, we can see that the recursion works fine in this example. We can check further for k = 2

where we have
(.T — Io)Plg(x) — (l’ — .%Q)P()l(l’)

T2 — Xo

Poia(x) =
Note that

(1 — xo) Pr2(x1) — (21 — 22) Por(21)
To — X
($2 - ffo)f1 -

= o fil Pia(z1) = Poi(z1) = fi].

Poia(z1) =
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Lecture 21
March 7, Part B

21.2 Neville Interpolation

This is a more systematic way of implementing Lagrange Interpolation. Here, we make polynomials which
satisfy a subset of the support points, and use those to construct the final polynomial in a step by step
manner. As mentioned previously, we mainly use this method to find the interpolated value and not the
coefficients of the polynomial.

Definition 21.2.1. For a given set of support points (z;, f;),s = 0(1)n with distinct abscissae,
we define Neville polynomials of order k as

Pioh--.ik € Il s.t. Pioi1~~-ik (I’l) = fz Vi € {io, Ty .. - Zk}

where i,, & = 0(1)n as distinct elements of {0,1,2,...,n}

We note that all these polynomials are unique, as shown in the previous section.

Thus, Pi(z) = f; Vi =0(1)n. These constant polynomials form the zeroth level Neville Polynomials.
The key idea in Neville's Algorithm is a method to find P;;,. i, (x) from P;;, 4., () and Pi,4,. 4, ().
Thus, knowing the zeroth level Py, P,..., P,, we can find the first level Py 1, P 2,...,P,—1,, and so
on. Once we reach the n'" level, we find the polynomial Po.1...,n which satisfies:

This is precisely the interpolating polynomial P(z) we are after!

Neville's Algorithm could be summarised in the following table.

k=0 1 n-1 n
Py = fo Py oo Poanm1 Popm

P=f Pis Pis . n

Pn—l = fn—l Pn—1,77,
P, = fn

Proposition 21.2.1. The corresponding recurrence relation for Neville Interpolation is:

(T — Ziy) Piyiy..i () — (& — T4 ) Pigiy i, (T)

T

Pi0i1~~~ik ({,C) = — %
i

k 0
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Proof. Let
(I - xio)ljiliz---ik (‘T) - (SC - xik)PiOilu-ik—l(‘r)

X4

G(z) = -

As Piliz...ikv Pi0i1~~ik—1(x) € Il,_q1, we get G(LL‘) € II;. Now,

—(Zig — @iy ) Pigiy.in 1 (Tig)
G(xio) = . . e = Pioﬁ»--ik—l(xio) = fio

Tgy, — Ty

Similarly, we have G(z;,) = fi,.
For a = 1(1)k — 1, we have

Piyiy. iy (o) = Pigiy iy (Ti,) = fi,

(@ = @ig) fia — (& — m3,) fi,

Tiy, — Tig

= Glz;,) = = fi. Ya=1(1)k -1

So, G(x) satisfies all the conditions of P; ;,.. i, ().
Noting that P;;,.. i, (x) is unique (from previous section), this completes the proof. [ ]

Remark: In theory, Neville Interpolation is just a reformulation of Lagrange Interpolation.
However, it cuts down the computations required significantly and is easier to implement. For
instance, the computation of the next level only requires knowledge of the previous level.

Example 21.2.2. We try to solve the same problem as before using Neville Interpolation. Given
data is

z; |0 |13
filll]3]2
We need to find the interpolated value at z* = 2.

Solution. To begin with, we have
Py(2)=1, Pi(2) =3, P»(2) =2
From this, we have

(z* — 20) Py (z*) — (x* — 1) Po(x*)

Po,l(x* = 2) = - -
o 21.2.1
_e-0P@-2-DRE) (2123)
1-0
Similarly, P 2(2) = 5 and thus,
Porala =2) = (" —x0) Pp(a™) — (2" —x9) Po(z”) _ 10
T2 — To 3
As expected, this gives us the same answer as before.
k=0 1 2
1 5 3
3 =3
2
|
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Lecture 22
March 11, Part A

22.1 Another View-point to the Neville’s Algorithm

We will discuss slight variants of Neville’s algorithm, we first define

Tivkg = Piiv1....ivk (22.1.1)

Theorem 22.1.1. The T; ;4 as defined in equation (22.1.1), satisfies the following recurrence
relation:

T;o := Pi(z) = fi, Vi=0,1,...,n

Ty i= (-2 x)Tip—1— (- zz’)Ti—l,k—17 l<k<ii>0

Ty — Ti—k

Precisely speaking the T; ;. is just looking at the Neville’s algorithm just from a different view-point,
which as it turns out is more efficient way of evaluating the recurrence relation than the one given earlier
in Neville's algorithm.

The process of evaluating T; i, is as follow:
= We evaluate Tj 1, i.e., we evaluate at the (k — l)th level, then

= Using the values we obtained at the (k — 1)!" level, we evaluate T}, i.e., we evaluate at the k'"
level using Theorem 22.2.1.

22.2 Newton’s Interpolation Formula: Divided Differences

We already know a way how to find the P € II,, satisfying P(x;) = f;, Vi € {0,1,...,n}. Now if
we want to find the interpolating values for several arguments &;'s simulatenously, i.e., we are given a
support set (say) (z;, f;), and we want to evaluate P(;), then Newton’s method is to be preferred.

We write the interpolation polynomial in the form:
n J—1
P(.%') = POlmn(Jf) = Zai <H(m — xk)> (2221)
§=0 k=0
where an empty product is assumed to be equal to 1.

Now, we use Horner’s scheme to evaluate the polynomial at = = &, which basically a recursive way of
evaluating the equation (22.2.1),

P(§) =ao+ (§ —wo) (a1 + (§ —z1) (a2 + -+ (§ = Tn—2) (@n—1+ (§ —Tp-1)an)---)) (22.2.2)
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so we just need to compute the coefficients a;'s. This can be done in many ways, but the simplest way
would be to the solve the system:

Jo = P(x0) = ao
fi=P(z1) = ao + (z1 — 20)as

fn=P(xn) = a0+ (xn —x0)ar + -+ + (T — Tn—1) - (T — To)ay

one after the other. Though this will give us the a;'s, once we solve the whole system of linear equations,
but at every step it involves one division and 2(k — 1) many multiplications (where k& indicates that we
are at the k' equation, k > 1)

k—1 j—1
fe— 22520 a5 ( im0 (@i — Io))
k
[Tio(zi — 20)
so total it involves n may divisions and n(n — 1) many multiplications. But there's actually a more

n(n+1)
2

k" step: aj, =

efficient way of doing this which involves only many divisions.

22.2.1 Relation between Divided Difference Coefficients
Note that P;,. ;. €Il; and P, i, , € llx_1, so Pi,. i, — Pi,...i,_, € Ik, and not only so, since
Pio...ik (-Tij) = P’L‘O...ikfl(‘ri‘j) = fij7 Vj = O, 17 ey k—1

hence, we get z;,,...,x;,_, are all the k roots of the polynomial P;, ,; — F; and hence, there

exists a constant say f;,..i. € R, such that

0+ lle—1"

k—1

Pio---ik (:C) = Pio~»-ik71(x) + fiomik H(l’ - .CB“)

=0

But then since, we know that P;, = f;,, by induction we get that

k j—1
Pig.in(®) =Y fio..; (H(w - %)) (22.2.3)
=0

d=0

Definition 22.2.1. The representation of the polynomial P;, ;. given in equation (22.2.3), is
called the Newton's representation and the coefficients fio...i,» where 7 =0,...,k, are called the
-th o0 o o -

43" divided differences.

Theorem 22.2.1. The divided differences, satisfies the recurrence relation given by:

fio___ik — flllk - f’ig...ik,1 7 k Z 1

Tgy, — Ty

Proof. From the definition of F;, ;. , we already know that we can express it as:

(1' - x'LO)PZl'lk ((E) - (.’E - wik)PiO»--ik—l(x)

Py, i (z) = p——
1k 10

(22.2.4)

But then note that f;,. ;. is the leading coefficient of P, ;. € Il and f;, ;. and f;, i, _, are the
leading coefficients of the polynomials P, ;, € Ilx_1 and P, ;,_, € IIx_1. And hence comparing the
leading coefficients in either side of equation (22.2.4), we get the desired result. ]
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Thus using the Newton’s interpolation formula for divided difference, we can easily interpolate the
polynomial P;; . ;,, once we are given the support points (z;,, fi,).

Now let us see how does the given arguments helps us to quickly compute the interpolated polynomial.
For this we consider the following example:

Example 22.2.2. Consider we want to interpolate Py123 € Il3, given the support points (z;, f;).
k|lo 1 2 3
To | Jo . : ;
Z1 f1 f01
T2 | f2 fiz for2
x3 | f3 faz  fizs  foi2s
Then note that since we know (z;, f;), for i = 0, 1,2, 3, we can easily compute fo1, f12 and fas,
by using Theorem 22.2.1, which are in fact given by

f1—fo fo—fi fa—fo
for = ) fi2 = ——, foz =
T1 — Zo T2 — T1 XT3 — T2
Now from here we can compute fg12 and f123, which are given by
fi2 — fo1 faz — fi2
f012 A — and f123 S —
To — Io xr3 — 1

which finally gives us f123,
Foras = J123 — fo12
T3 — Zo
thus, as we can see, at the k*" (k > 1) level we required n — k -+ 1 many divisions (here n = 3),
and hence, in the whole process we required w divisions, like in this case we can easily see
it involved 6 divisions.
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Lecture 23
March 11, Part B

23.1 Summary of Newton’s divided differences

Definition 23.1.1. Given support points (zo, fo), (z1, f1),- -, (Tk, f&), we can define the poly-
nomial ®(x) = Pj;,..i, € II, to be the unique n degree polynomial that satisfies ®(z;,) = f;
forall 0 <j <n.

Remark: & and P,;, ., are merely different ways to write the same polynomial; the second
form emphasizes the role of the support points in the definition of ®.

Now, ® can be written using a formula called the Newton’s divided differences representation, as
the following theorem states

Theorem 23.1.1.

n j—1
® = Zfi()-««ij H (Z‘ - xik)
j=0 k=0

where the f. are defined as follows.
Observe that we already know what the f; 's have to be; they are the y-coordinates of the
corresponding support points. Then, given an integer k, we define

flek - fi()“.ik,l

T4y, — T4

fio.nik =

k

o

The above recursive definition lets us calculate all the f used in Newton's divided differences
representation of ® = P, ;, . .

Example 23.1.2. We calculate some examples of the coefficients used in the formula in theorem
23.1.1

for = M fi2 = 2= h fi23 = 7]023 — fi2 faser = M

L1 — Zo T2 — X1 T3 — I1 L7 — T4

23.2 Error Analysis

Suppose you have a function f that you can easily calculate at some, but not all values. Or perhaps
the function is only defined at some, but not all values. Instead of working with the function, you might
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decide to use a polynomial that coincides with it at certain values of x, where the value of f is known.

More specifically, suppose you have the set of points xg, x1,...Z,, and you're given a function f whose
values are fy.f1,... fn at zg,x1,. ..z, respectively.

Then, using the results of the above section we can construct a polynomial P such that

However unless we are exceptionally lucky, given any arbitrary x # z; V(0 < ¢ < n), we shall not have
P(z) = f(x). Our task then, is to estimate the error

fz) = P(x)
for general x € R.

We can supply a formula for the error f(z) — P(x) if f is differentiable sufficiently many times. But
before that we need to state a definition:

Definition 23.2.1. Given reals xg,x1,...,x, we define Iy[zg,x1,...,2x] to be the smallest
interval containing them

Theorem 23.2.1. Suppose that f is differentiable atleast n + 1 times in dom(f). Then given
a real T € dom(f), the error €() is given by

(n+1) n
@ = 1@ - P@ = (L) [T@- )

(n+1)! o
for some ¢ € Iy[zo, x1,...,%n,T]. Note that []}_,(Z — ) can also be abbreviated as w(T).
Using that abbreviation, the above identity can be written as
(n+1)
@) = 1(@) - P@) = (o) (L))

Proof. It T = x; for any 0 < i < n, the result holds trivially. So we shall assume that T # x; for all
0<i<n.

Define F': dom(f) — R by F(z) := e(z) — 22 w(z). Note that

= The definition is valid because T # z; for all 0 < i < n implies that w(Z) # 0.

= Fis0 at zg,21,...,2Z, and T. Therefore F' has at least n + 2 zeroes.

= Fis differentiable atleast n + 1 times, since ' = f — P — z((?)w and f is differentiable at least
n + 1 times, while the remaining terms are polynomials and thus differentiable arbitrarily many
times.

= The last bullet point also tells us that F, F(\) (™) are all continuous (differentiability implies
continuity). This bullet point, and the last are necessary to justify our appeals to Rolle's theorem
below.

Now, assume W.L.O.G. that zg < 1 < --- < x,,. Let b be the index such that
Tp < T < Tpy1

(If T is not contained in (zg,,), our analysis fails). Since F has at least n + 2 distinct zeroes in
Io[zo, 21, .., T, T], by Rolle’s theorem, F(1) has at least n+1 zeroes in Iy[zq, 1, .., 2, Z]. Continuing
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this way, we see that F("*1) has atleast one zero in Iy[zg,21,...,,,T|. Denote the zero £&. Then, we
have

0= F(n+1)(€)

— 0= % (6(3?) - 6(? w($)>

w(T) z=¢
— 0= g (V) - P - STe@)|
0= fore) - LD gy, ey

w(T)
since (P has degree at most n) — % =0 and % = (n+1)!. Rewriting equation (1), we have
I LI (3]

@ =@ (G
[ |
Note that if we want to use theorem 23.2.1, then we need to have some information about %

although we know everything there is to know about w, everything else is a bit of a mystery. So if we
want to be able to say anything meaningful about the error at =, we had better know something about

. For

Al (3)
(n+1)! -
(n+1)
One example of a situation where we can say something meaningful about f(nﬂ)(f) is when f =sin. In

that case, we have ’f(”“)(g)‘ < 1, which helps us bound €(Z),
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Lecture 24
March 14, Part A

24.1 Divided-Difference Scheme

We know that the interpolating polynomial P;;, ., is uniquely determined by its support points. So, it
is invariant of any permutation of the indices ig,%1,...,%,. Therefore we have the following result:

Theorem 24.1.1. The coefficients/divided-differences f;.;, . s, are invariant of any permutations
of the indices ig, i1, ..., i%.

Example 24.1.2. We take up an old example and form the divided-differences scheme for the

same:
k 0 1 2
g = 0 f() =1
for =
r=1|fH=3 forz =
fie=3
ro = 3 fg =
Here fo1 = =fo — 2 £, = L2201 3nd fp = f2=for — =5

r1—To T2—T1 T2—X0o

6
So, we get our final interpolated polynomial as Pyiz(2) =1+ 2.(x — 0) — 2(z — 0)(z — 1).

Remark: We will always want to choose such a permutation of the indices that satisfies
|€ — x| > 1€ — x4y, |,VE=1,2,... n.

which dampens the error during the evaluation of the Horner’s Scheme.

In accordance of the remark (24.1), we have an algorithm to choose the preferred sequence of indices.
For this, we assume that the support abscissae x; are in, say ascending, order. Then for each k > 0, we
can choose the index i so that either iy, = min{y|0 <1 <k} — 1 or iy, — max{y|0 <1<k} + 1. So,
instead of the descending-diagonal sequence of indices that we get from the divided-difference scheme,
here we get a zig-zag path.

Example 24.1.3. Continuing from Example 24.1.2, we can use the sequence ig = 1,47, = 2,93 =0
for interpolating the polynomial at £ = 2. Then the corresponding Newton Representation is:

1 5)
Piy(x) =3 — 5(20 -1)— 6(3: —1)(z - 3).
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24.2 An alternate notation

Sometimes, the support ordinates f; are the function values of a given function f(z), which we want
to approximate using interpolation. We might want to do this because sometimes, even if we know the
function, it might not have a nice closed form, making it difficult to evaluate the function at arbitrary
points. We can think of the divided differences as multivariate functions of the support abscissae ;. In
general, we use the following notation for this purpose:

f[x’io7xi1a cee 7xik] = fio,il,‘..,ikp

For instance, we have the following:

flwo] = f(xo)
Flag, 2y = TE ] _ @) = f(zo)
1 — Xo T1 — To
flo, a1, 19] = L1172l = Jlo, 7]

To — X
_ f(@o) (w1 — m2) + fla1) (@2 — 20) + f(22) (w0 — 71)
(1‘1 —.’L‘o)(l‘g —371)(.1‘0 —.Z’Q) ’

By Theorem 24.1.1, we can see that the divided differences f|x;,,2;,,...,2;,] are invariant of permuta-
tions of the indices.

Theorem 24.2.1. If the given function f(z) is a polynomial of degree N, then
flzo,x1,...,2,) =0 for all k > N.

This is easy to see. Since, the interpolated polynomial is unique, the final polynomial must be identically
equal to f(x) € Ily. Therefore, the coefficent of 2% in Py;_ (), which is given by f[zo,z1,..., 2],
must be equal to 0 for all £ > N.

24.3 Error Term

We have by the Newton's Interpolation formula that
P(z) = Po1..n(x) = flzo] + flzo, z1](x — 20) + ... + flT0, - s 2n](® — 20) ... (¥ — Tp_1).

Suppose we introduce a (n + 2)"¢ support point (2,11, fny1) With 2,41 := T and f,41 := f(T) and
T # x;,Vi=0,1,...,n. Then, by Newton's Formula

f(f) = POl...(n—i—l)(f) = POl...n(I) + f[IOa ey znvf}w(f)'

We can conclude from the error analysis from the previous chapter, since w(Z) # 0, that

FO(e)

T for some & € I[xq, ..., Tn,T).
n !

f[],‘o .. .xn,f] =
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Lecture 25
March 14, Part B

25.1 Hermite Interpolation

Consider m + 1 distinct abcissae zg, ..., T,,, now suppose we are not just given the values f;, but we
are given the first n; — 1 derivatives of the function f, at the points x;'s, i.e., we are given n; ordinate

values fi(k), where k € {0,1,...,n; — 1}, for each i € {0,1,...,m}. Let

n+1= Zm
i=0
We want to find a P € II,,, where n is defined as above just that the Interpolation conditions:
P®(z))=f® vEk=01,...,n;—1and Vi=0,1,...,n (25.1.1)

are satisfied.

Remark: The Neville's Interpolation or Newton's Interpolation are just special case of Hermite's
interpolation with n; = 1, for each i € {1,...,m}.

25.1.1 The Hermite Interpolation has an Unique Solution

Theorem 25.1.1. WLOG, assume we are given that
To <1 << Ty

are m + 1 abcissae, and we are further given real numbers f¥, where k € {0,1,...,n; — 1} for

eachi € {0,1,...,m}. Let
n+1:2m
i=0

then there exists an unique P € II,, satisfying equation (25.1.1).

Proof.

Uniqueness: Suppose there exists P, P, € II,, such that P;, P, satisfy the equation (25.1.1).
Now consider the difference polynomial

Q(x) = Pi(z) — Py(z) €10,
but then we clearly have

QW (x;) =0, Yk e {0,1,...,n; —1} and Vi € {0,1,...,m}
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thus from here we can conclude that z; is root of @, with multiplicity n;, for each i € {0,1,...,m}.
But then we get that number of roots of @ is

m
Zni =n+1
i=0

but we have @ € II,,, hence, we must have QQ = 0, since its degree is strictly less than n + 1.
Existence: Suppose we assume
P(z) =co+ 1z + cax® 4+ - 4 cpa”
then note that the equation (25.1.1) can be interpreted as a system of linear equations, (say)
AX =B (25.1.2)

where A is some (n + 1) x (n + 1) real valued matrix, and

T
B:(fo fé” fé”l*l) o fm (. f}ﬁm*”)

and X = (co c1 - -cn)T. Now we have already shown that if there exists a solution to equation
(25.1.2), then it must be unique. But then if we consider B = 0, then its obvious that X = 0 is a
solution to AX = B, and hence its in fact the unique solution to AX = 0. This tells us that the
kernel of the linear map T4 :  — Az, is the zero subspace, ker(T4) = {0}.

Hence, A is non-singular. Thus we indeed have for all B € R™*1, there exists an unique X € R"*+!
such that AX = B, which completes the proof.

25.1.2 Generalized Lagrange Polynomials and Explicit Construction of the Her-
mite Interpolation Polynomial

For each i € {0,1,...,m} and k € {0,1,...,n; — 1} construct L;; € II,, such that

L) (27) = 6100 (25.1.3)

Definition 25.1.1. The polynomials L;; € II,, defined as in equation (25.1.3) are called the
generalized Lagrange polynomials.

Now note that we can write P € II,, satisfying equation (25.1.1) as:

m n;—1

P) =33 1P Li(x) (25.1.4)

i=0 k=0
This can be easily verified by computing the derivatives, we get

m mn;—1

PO @)=Y L (@)

i=0 k=0
and hence, we get that for o € {0,1,...,n4 — 1},

m m;—1

p) (z4) = Z Z fi(k)LEZ)('rd)
i=0 k=0

m n;—1

=> > £ 8140k

=0 k=0
= 7\
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thus from Theorem 25.1.1, we get that equation (25.1.4) is indeed true. Now lets see how we can in
fact construct the polynomials L;;, recursively. We first construct a set of auxiliary polynomials, defined

by:

(- ay)” (- \ .
lik = J];[O p— ,V0<i<m,VO<k<n;—1 (25.1.5)
J#i

Theorem 25.1.2. [;; satisfies the following recurrence relation:

Li)mfl(.’lﬁ) zlim,l(x) Vi:O,l,...,m
Tlifl

Lix(@) = lin(z) = > 13 (i) Lin(x) VEk<n;—2
v=~k+1

Proof. We first show that
Li,ni—l(l‘) = li,ni_l(l‘), Vi= O, 1, e,

Note that from the definition of I;, we have z; is a root of [; ,,_1, with multiplicity n;, if j # 4, and z;

is root of I; ,,—1 with a multiplicity of n; — 1. Thus for any o € {0,1,...,n4 — 1}, with d # ¢, we have
there exists at least one factor of (x — z4) in lz(i,)l_l(:v) and hence lﬁ)i_l(xd) = 0. And if d = 14, then
observe that lz(';),;q(xi) is non-zero if and only if o = n; — 1, and in which case we have ll(f;i;ll) (x;) =1.

Hence we have shown that
0 pi—1(2j) = 6ij0n;—1,0

But then since [; ,,_1 € II,, from Theorem 25.1.1, we get that L; ,,_1(x) = l; n,—1(x), for each
i€{0,...,m}.

Now to prove that other part of the recurrence relation we will use induction. Suppose L;, has the

desired properties from v =n; — 1,n; —2,...,k*. Now fix j € {0,1,...,m} and consider the term
’I’Lifl
Jo = LR y(wg) = D0 1y (@) L) ()
W—/ v=k*
T1
T

where o € {0,1,...,n; — 1}, then if j # ¢, then both the terms T} and T are zero, and so J, = 0,
in this case. Now if j = 7, then note that for ¢ < k* — 1, T, does not contribute to the term J,, and
Ty =1 if and only if 0 = k* — 1, and is O otherwise. So, for o < k* — 1,

7 1 fo=k" -1
710 otherwise

On the other hand for o > k* — 1, Ty will contribute to the term J,, when v = o, and hence in that
case we get
Jg = lg;)*_l(ilfi) — lgj'k)*_l(xi) =0

thus we in fact have J, = 6;;05+_1,,, thus using Theorem 25.1.1 and induction, we get that

nifl
Lig(v) = li(x) — Z ZE;:) (i) Lip(x) Vk <n;y —2
v=k+1
which completes the proof. |
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Lecture 20
March 18

26.1 Algorithms for Hermite interpolation

Unfortunately Neville's algorithm and Newton's divided difference algorithm cannot be used to carry out
Hermite interpolation, as they assume the z-coordinates of the support points are all different. Our task
here then, is to develop algorithms that can be used to carry out Hermite interpolation. We begin by
introducing a technical tool that'll help us with that task.

26.1.1 Virtual Abscissae

Suppose you are given m distinct reals zo < z1 < -++ < Z, and for all 0 < i < m, at real z; you
are given the values £ (z;), fM(x;),..., f™ =1 (x;), for some n; € Z. Those reals and values are the

support points we shall work with. Define

Definition 26.1.1.

Now list the support points as follows:
1) First, list (o, f(%) (20)), (zo, fP(20)), - .-, (w0, F0 7D (z0))

2) Then, append the list (x1, £ (21)), (z1, fP(21)), ..., (21, f™* =P (21)) in that order to the pre-
existing list.

3) Then, append the list (x2, £ (22)), (z2, P (22)), ..., (z2, f™2~D(x3)) in that order to the pre-
existing list.

4) Continue this way until you...

m) Finally, append the list (z,, f©(2m)), (Tm, FO(2m))s - -y (T, f "D (2,,)) in that order to
the pre-existing list.

Since there are n + 1 support points in total, there must be n + 1 items in our final list. Number the
items in the list from 0 to n. Now we introduce two more definitions.
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Definition 26.1.2. Let ¢; be the be the z-coordinate of the i-th element in the list of support
points. Note that
o<t <t <--- <1,

Definition 26.1.3. Let s; be the number of times ¢; appears in the sequence g, 1, ..., t;.

At this point there is nothing this exposition would benefit more from than an example to illustrate the
definitions we have made so far. And so we supply one. And another one too!

Example 26.1.1. Suppose you are given the list of support points
(_495 63)7 (17 Q)a (17 3)7 (5a _ﬂ-)’ (223 7)
Then, the sequence {¢t;} is
—49,1,1,5,22

and the sequence {s;} is
1,1,2,1,1

Example 26.1.2. Suppose you are given list of support points
(1,27),(2,53),(2,27),(3,22), (4,56), (4,22), (4,49), (273, 32)

Then, the sequence {¢;} is
1,2,2,3,4,4,4,273

and the sequence {s;} is
1,1,2,1,1,2,3,1

26.1.2 The problem of Hermite interpolation - rephrased.

Using the language of virtual abscissae defined in the previous section, we see that the problem of finding
a polynomial that interpolates the support points provided is precisely the problem of finding a polynomial
Py1.., such that

Py (1) = 197 0() M0 <j<n) (26.1.1)

We have already proved (in a previous lecture) that there exists such a polynomial Py, ,, in IL, that is

unique in II,,. Write
Porn(t) = b~

il
j=0 J:

Now, define

Definition 26.1.4.
(1) = [115;%,}
and
bo
by
b= |b2

bn
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Note that II(¢)b = Po1..n(t). Therefore, condition 26.1.1 can be replaced by the condition
e D (b= f&-V(t;)  VO0<j<n)
Denote the (n + 1) x (n + 1) matrix that is formed by letting the j-th row be TI(5i=1)(¢;) by V,,, then

H(Sofl)(to)
M= ()
Vn = . '

H(snfl) (tn)

Then the condition on II(¢)b = Py1...,(t) can be described using the language of linear algebra. More
specifically, the condition on Pp;. ., (t) can be written

bo S (tg)
b1 FED(t)
ba| = | f27V (ko) (26.1.2)

H(S"_l)(tn) b-n f(sn—.l)(tn)

Now, we prove an important theorem.

Theorem 26.1.3. The system of equations 26.1.2 is always solvable.

Proof. We proved (in an earlier lecture) that b is determined uniquely by the above condition, so if we
view V,, as a linear transformation from R"*! to R"*!, V,, is injective. Then, by the Rank Nullity
theorem, V,, is also surjective, and thus V,, is invertible, and thus the system of equations 26.1.2 is
always solvable. |

Since V,, is invertible, as we saw in the proof immediately above, we have reduced the problem of finding
Py, (t) to a problem in linear algebra, and since there are many kinds of algorithms to invert many
kinds of matrices, we have practically obliterated the problem of Hermite interpolation.

As an aside, matrices of the form V,, are called Generalized Vandermonde Matrices. The Vander-
monde Matrix (without the adjective “general”) is the kind of V,, you get when s; =1 for all 0 < j < n.
It can be factorized as follows

1 to 3 ... t3] g O O 0
1t 2 ..ot |0 & 0 0
1t 3 ... 3|0 0 % 0
1 t, t2 oo o0 ... %

(I shamelessly stole part of the latex for the above expression from Wikipedia). We conclude this section
with an example.

42



Example 26.1.4. Suppose you're told that the sequence {t;} is of the form
to=1t1 =1t <tz =1y

Then, the Vandermonde Matrix Vj of this sequence is

1ty % & 4
01 # % &
00 1 t 2
- -
001 t 4 4

26.1.3 Generalizations of the techniques used in previous sections

Note that the definition of the sequence {s;} depends only on the definition of {t;}, and as long as
{t;} is non-decreasing, we can define and solve the systems of equations in the previous section like
we did there.
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Lecture 27
March 21, Part A

Now since, we have introduced the notion of Generalized Vandermonde Matrices, let us see how we
can prepare to use Neville's algorithm, or Newton’s divided difference formula, for tackling Hermite
interpolation problems.

27.1 Neville Type Algorithm for Hermite Interpolation
We start off by associating each sequence
ti <tip1 < <tipk, 0<i<i+k<n

i+k € Il of the partial Hermite interpolation problem, i.e, it

.....

satisfies the equations

1 - . . .
Pi(,jil,.)..,wk(tj) = fl 1)(tj)a i<j<itk (27.1.1)
where s; is the number of times t;, occurs in the subsequence t;,¢;11,...,%;.

Example 27.1.1. Suppose we are given that

2o =0, f¥ = -1, and £ = -2
z=1, f9=0, fY =10, and f¥ =40

Then our virtual abscissae {t;}'s are simply:

t():tl ::mozoand

ty=t3 =ty =z =1
Now suppose we consider the subsequence t1,ts,t3, i.e., ¢ =1 and k = 2, then we get
s1=1, s =1, and s3 =2
and thus the corresponding partial Hermite interpolation polynomial will be Pjo3 € Ilo, satisfying

Pfgé_l)(tl) = P123(0) = (go) =-1

P1(§§_1)(t2) = Pio3(1) = 1(0) =0
s3—1 1

P ts)l= Pl (@) = 7= 10

Using the above notations we have the following analogs to the Neville’s formulae:
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Theorem 27.1.2. The polynomials P; ;11,... i+% € Il follows the following recursive relation:

= If t; = ti-i—l == ti-i—k =X for some l, then
k fl(r)
Piiv1,..i+k(T) = ZO S @—w) (27.1.2)
» And if ¢; < t; 1k, then we have
—t) Py, — (@ —tiar) B, otk
Pi,i—i—l....,i—i—k(-r) _ (Z‘ ) Tl 7+k(xt) (‘rt +k) yoesitk 1(33) (2713)
itk — b

27.2 Generalized Divided Differences

Analogous to the defintion of coefficients of divided differences, we now define the coefficients of gener-
alized divided differences.

Definition 27.2.1. The coefficients of generalized divided differences, denoted by

flto, tive, o tik]

as the coefficient of z* in the polynomial P; 11, i+r € Il as defined above according to
equation (27.1.1).

Now that we have discussed about the generalized Neville’s formulae, we can easily derive the formulae
for Newton’s generalized divided differences as follows:

Theorem 27.2.1. The coefficients of generalized divided differences satisfies the following re-
currence relations:

w Ift; =ty = - =t = x; for some [, then

1k
fllis tivrs - tips] = ﬁfl( ) (27.2.1)
» And t; < t;1, we have

i+ 1,04k = fli,... i+ k-1
f[tiyti+17...7ti+k]:f[ t]k ft[ ) (27.2.2)
i+k — Ui

Proof. The proof follows directly from comparing the coefficients of z* in the two cases in the equation
(27.1.2) and equation (27.1.3) given in Theorem 27.1.2. |
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Lecture 28
March 21, Part B

28.1 More interpolation algorithms for virtual abscissae

We present a version of Newton's divided differences that works for virtual abscissae.

28.1.1 Newton’s divided differences for virtual abscissae

Note that the previous version of Newton's divided differences we presented relies on the abscissae of the
support points being pairwise different. When working with virtual abscissae, we have no such guarantee.
Instead, we have to rely on alternate definitions, which we present immediately below.

Definition 28.1.1. Suppose you are given virtual abscissae ty < t; < --- < t,, and the

corresponding values of a function f and the derivatives of f at the virtual abscissae. Then, we
define the base cases

and we define

i e S It i bk — £ 0
tivk — t
f(k)($i)

k' I]c ti+k‘ - ti - O

Now, we present an example
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Example 28.1.1. Suppose you are given the support points (0, —1), (0, —2), (1, 0), (1, 10), (1, 40).
Then, the virtual abscissae are tg = t; < to = t3 = t4 with to = 0 and t; = 1, and you know
that

OO =-1, fPo)=-2, fO1)=0 fO)=10, FA(1)=40

Then, the tableau for constructing the interpolating polynomial using Newton's divided differences

is
5 0 1 2 3 4
t;
to -1
—2
t1 -1 3
1 6
to 0 9 5
10 11
t3 0 20
10
ty 0

Next, we present a theorem that will let you calculate the interpolation polynomial for the support points
you are given.

Theorem 28.1.2. Just like in the case of the original Newton's divided differences method, the
interpolating polynomial Py, is given by

Por o) =3 flto. 15 T[ (¢~ 1)
=0 k=0

Proof. The statement is obviously true for n = 0. Then, note that

Por..n — Por...(n—1) = flto, ..., tn]z™ + a degree n — 1 polynomial

Also, we know that Fy1..,, — Po1...(n—1) has the roots tg,t1,...,t,—1. Therefore,
j-1
Po1..n = Por...(n—1) = [lto, - tn] H (t—tx)
k=0

By recursion, we are done. W

Remark: This proof badly needs more explaining, but until the person doing the lecture before
this one pushes their notes, | can't do anything about that.

28.2 Spline interpolation

28.2.1 Introduction
Given an interval [a, b], consider an arbitrary partition
Ara=xg<x1--- <2y

on [a,b]. The x; are called knots. Then we define spline functions as below.
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Definition 28.2.1. A spline function Sa on [a, b] with the partition A is a function from [a, b]
to R such that
SAl(zi_1,2,) is @ polynomial V(1 < i <n)

Definition 28.2.2. If in the above definition the restrictions Sa|(z,_,,z,) all belong to II3, then
Sh is said to be a cubic spline.

However, the above definition of cubic splines is hard to work with, so we shall impose more stringent
conditions on our cubic splines.

Definition 28.2.3. A spline function on Sa on [a, b] with the partition A is a cubic spline if
* SAljw; 1,2, € I3 for all 1 <4 < n. Note that we are now dealing with closed intervals
instead of open.
= Sa is continuously differentiable at least twice in [a, b].
We shall assume these facts of the cubic splines we work with; now, and in the future.

28.2.2 The uniqueness of splines passing through n + 1 support points

Now suppose you're given n+ 1 ordinates Y = {yo, 41, - .., Yn}. We can impose n+ 1 conditions on the
spline function Sa, namely

The set of conditions is denoted SA(Y’;-), and the n + 1 conditions can be written
SalY;x) =uy V(0 <i<mn) (28.2.1)

But Sa is not a single polynomial function; it is piecewise polynomial. So we can't use the unique-
ness/existence theorems developed in previous lectures. We have to develop specialized theorems to deal
with spline functions.

In order for our cubic splines satisfying conditions 28.2.1 to be unique, we need to impose additional
conditions on them, but there are multiple choices of uniqueness conditions we can use. We list three of
them:

1) SX(Y;a) = SX(Y;b) =0.
2) SW(v;a) =S¥ (V;b) for k= 0,1, and 2.
3) S\(Y;a) =y, and S} (Y;b) =y, where y; and ¥, are fixed values given to you.

Any one of the three conditions above is sufficient to guarantee the uniqueness of the spline passing
through the support points (x;,y;) for all 0 < i < n.
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Lecture 29
March 25, Part A

29.1 Theoretical Foundations for Cubic Spline Interpolation

Let A ={a =z < 1 < - <z, = b} be a partition of the interval [a, b].

Definition 29.1.1. A cubic spline function Sa on A is real function Sx : [a,b] — R, with the
properties:
1. SA € 62[a,b], i.e., S is twice continuously differentiable on [a, b].
2. SA|zs,w:.1] € I3, i-e., coincides on every subinterval [z, 2;11] with a polynomial of degree
at most three, for all i =0,1,...,n — 1.

We further define an interpolating spline function as follows:

Definition 29.1.2. For a finite sequence Y := (yo,¥1, .- .,Yn) of n+1 real numbers, we denote
by
Sa(Y;-)

as an interpolating spline function Sx with SA(Y;z;) = y; for all i € {0,1,...,n}.

and we have already discussed in Lecture 28, that such a interpolating spline function is unique if any
one of the three following condition is satisfied:

(a) SA(Y;a) = SX(Y;b) = 0.

(b) SV (v;a) =S¥ (v;b) for k= 0,1, and 2.

(c) SA(Y;a) =1yp, and Sy (Y;b) =y, where y; and y;, are any fixed real numbers.
Let m € N and we shall now consider the following sets

H™a,b] = {f : [a,b] = R | (™~ is absolutely continuous on [a,b] and f(™) € £%[a,b]} (29.1.1)
and we define

HiMa,b] = {f € X™[a,b] | fF(a) = fF(b), VE=0,1,...,m—1} (29.1.2)

So particularly for m = 2, we have f € #2[a,b], if
= £ and fM are absolutely continuous and f(?) exists.
= £ e L%a,b), e, ff |f@)(x)]? dz exists and is finite.
= And finally f(O(a) = f©(b) and f®(a) = fV(b).

note that the first two conditions are enough for f € K ?[a,b].
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29.1.1 Holladay’s Identity
Then note that Sa € K 3[a,b], and further if Sg) (a) = Sg)(b) for k =0,1,2 then Sa € A }[a,b].

Also note that for all f € #?[a,b], we can define the following semi-norm
b
91 += [ 15 do (2013)
Now with all that definitions in mind, we are ready to define the following identity due to Holladay,

Theorem 29.1.1. (Holladay’s Identity) Let f € A ?[a,b] and let
A={a=ag<z1 < <2, =b}

be a partition of the interval [a, ], and if Sa is a spline function with knots at z; € A, then

1f = SalP” = I£1* = |Sall” - [(f'(w)—S’A(x))S(:)(x)E—Z(f(m)—5 (2))58 (@) 1]

i=1
Proof. We have

b
If = Sal? = / FO @) - $2 ()

:/ab @ (x) dx—Q/ @ (x) )dx-i—/ab

= / | (@) dz - / 52 (@) dw 2 / b (1@(@) - 59 (2)) 59 (@) da

b
=111 = SalP =2 [ (£2(0) - 89(2)) 8L (z) da

2
‘da:

2
S(AQ) (x)‘ dz

Now observe that using intergration by parts we can write
[ (9@ - 5 ) 58 @) do = (19(a) - L)) 8L @)
Ti—1

which can be further broken down as

[ (1@ - s0@) $0e)dr = (710) - 5 (0) 5L

—

D (f(z) - Sa(z)) S ()

where (1), follows from the fact that Sa|(4,_,,2,) € I3, and hence SXI) =0on (z;_1,x;), and combining
the two results we got from intergration by parts we get that

[ (120 - 52w) s war =3 / (1)~ 5 <x>) S o
_ Z (2)) S9 () En: (@) 59 @)

i=1 i—1
= (f(z) — Sa(2))SY (x)

"3 (fe) - Sal) SP @)

i=1 i1

which completes the proof of Theorem 29.1.1. |
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29.1.2 Minimum Semi-norm Property of Spline Functions

Theorem 29.1.2. Let A = {a = 29 < 21 < -+ < z,, = b} be a partition of the interval
[a,b] and let f € A ?[a,b]. And suppose we are given the values Y = (yo,¥1,...,¥n) such that
f(x:) =y, Vi€ {0,1,...,n}. Then

0 < [If = Sa(¥5)I* = I£I7 = 1Sa(Y5 )12

holds for every spline function Sa(Y;-) provided one of the following conditions is true:
(2) S&(a) =S¥ () =0.
(b) f € H2[a,b] and SA(Y;-) € K 2[a,b].
(c) SA(Y;a) = f'(a) and S5 (Y;0) = f'(b).

Proof. First note that from the definition of spline interpolation function SA(Y’;-), we have

lim f(z) = f(zr) =ye = lim Sa(Y;w)

and
lim+ f(x) = flag) =yr = lim+ SA(Y;x)
I‘)Ik fl}")fl:k

for any k € {0,1,...,n}. Thus the term

n —

> (@) = Savia) s vsa)[ L =0

i=1 i-1
and hence using Holladay’s identity (Theorem 29.1.1), we get
b
1f = Sa¥ )2 = IFI1? = 1Sa(Y; )2 = 2(F/(x) — Sa(Y32) SO (Vs ) (29.1.4)

But then its easy to observe that for any of the three conditions (a), (b) or (c), the term
! 1 (2) b
(f' (@) = Sa(Y;2)) Sx” (Vi) =0

a

Thus we have

I = Sa(¥s )l = IF1I? = 1Sa(Y; )] (29.1.5)
but it trivially follows from the definition of semi-norm, that ||f — SA(Y;)|| > 0, which completes our
proof. |

But why is the spline Interpolation, so important? We end this chapter with the following geometric
interpretation of the spline interpolation.

29.1.3 Geometric Interpretation of Cubic Spline Functions

Definition 29.1.3. Let f € A ?[a,b], then the curvature of f at the point = € [a,b], denoted
by k. is defined by
AIC))

T L e N9\ 8
2

1+ f'(z)?)
Now suppose we have |f/(z)| < 1, i.e., |f'(x)]| is very small compared to 1, then in that case we have

ke = O (2)
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But observe that the term

b
12 = / 7O () ? da

is kind of measure for the total curvature of the function f in the interval [a,b], but from Theorem
29.1.2, we have already shown that if the spline function satisfies certain conditions, then it minimizes
the term || f||2. So we can say that a spline function is the “smoothest” function to interpolate the given

support points (z;,y;).
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Lecture 30
March 25, Part B

30.1 Uniqueness of Spline Function

We now prove that under the hypothesis of Theorem 29.1.2, in each of the three cases there exists an
unique spline function.

We restate the Theorem 29.1.2 as follows:

Theorem 30.1.1. Let A = {a = 29 < 21 < --- < x, = b} be a partition of the interval
[a,b] and let f € A ?[a,b]. And suppose we are given the values Y = (yo,y1,...,¥n) such that
flz) =y, Vi€ {0,1,...,n}. Then

0 < |If = Sa(¥5)1* = I£I7 = 1S (Y5 )12

holds for every spline function Sa(Y’;-) provided one of the following conditions is true:
(2) SP(a) = S (b) =0.
(b) f e H}[a,b] and SA(Y;:) € K] [a,b].
(c) SA(Y;a) = f'(a) and Sy (Y;b) = f/(b).

Furthermore in each of the cases the spline function Sa(Y’;-) is uniquely determined.

Proof.  In the proof of Theorem 29.1.2, we already shown that the spline function minimizes the
semi-norm if any of the conditions (a), (b) or (c) is met. So now we only need to check the uniqueness.

Suppose there exists two spline functions Sa(Y’;-) and Sa(Y';-) satisfying the hypothesis. But then since

SA(Y;-),SA(Y;-) € H?[a,b], so we can use SA(Y;-) to play the role of f € #?[a,b]. But then from
the semi-norm minimizing property of spline function (Theorem 29.1.2), we get that

18a(Y5) = Sa(Ys)I? = [ISa (Y )P = [Sa(Y;)* = 0 (30.1.1)

But then we can switch the roles of SA(Y;-) and Sa(Y;-), i.e., in this time we can take SaA(Y;-) to
play the role of the f € K ?[a,b], then we get
1Sa(Ys5) = Sa(Y3)|I* = 1Sa(Ys-) = Sa (Y[
= [Sa(¥s )1 = [1Sa (Y52
(30.1.1)
< 0
Thus we get ~
15a(Y5) = Sa(Y;-)|? =0

which gives us
5@y, — s®y. | de —
S(Y5) =S (Y| de=0 (30.1.2)

r
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but then since SA(Y;-) € 62[a,b] and SA(Y;-) € 62[a,b], we get that equation (30.1.2) holds if and
only if

Qv =s9(vy) (30.1.3)
but then twice intergrating both sides of equation (30.1.3), we get that

SAY; )= SA(Y; ) +cx+d

but then we can easily compute ¢ and d using the fact that Sa(Y;a) = Sa(Y;a) and SA(Y;b) =
Sa(Y;b). This gives us ¢ = d = 0, and hence we have

S'A(Y; ) =85aY5)

which completes the proof of the uniqueness. |

We end this chapter, with some remarks on the three conditions (a), (b) and (c) in Theorem 30.1.1.

Remark:
(i) The spline function arising from condition (a), is regarded as natural spline function, as it
does not have any other dependency on the function f, which we are trying to interpolate.
(ii) On the other hand (b), is restricted to only functions f € #2[a,b].
(i) And finally, (c) kind of restricts the range of the function f, since we are fixing the values
f'(a) = yq and f'(b) = vy, where y, = S\ (Y;20) and y}, = S\ (Y;zy).
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Lecture 31
March 28

31.1 Constructing an interpolating cubic spline

We want to construct an interpolating cubic spline from [a, b] to R that takes the value y; at z; for n+1
given support points (o, ¥o), (€1,91)s -, (Tn,Yn), With g < 1 < -+ < 24

We begin by listing all the inputs we are given:
= The interval [a, b].
= The partition A ={a =20 <21 < -+ < z, = b}.
» Theset Y ={yo,y1,---,Yn}

We define

Definition 31.1.1.

and

31.1.1 Brief description of the following subsections, and one new definition

We have not yet constructed the interpolating cubic spline, but we shall show that it is determined
completely by the values of its second derivatives at the knots (the x;).

To that end, define

Definition 31.1.2.
M; =S (Yiz;) Y(1<j<n)

Next, we shall find relationships between the M;, that almost completely determine them given Y’; just
a few more conditions, and we'd be done. Then, if we impose any one of the three boundary conditions
from the end of the notes for lecture 28 (which are actually relations between the M), we shall have
obtained a set of conditions that uniquely determine our interpolating cubic spline.

Then, we shall observe that the conditions on the M; are linear equations, and we shall use linear algebra
to find a set of My, M, ..., M, that make the interpolating polynomial pass through the support points
(if such a set exists).

In what follows, we denote the cubic spline we wish to find by SA(Y;2). Then, as a reminder, note that
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the interpolating conditions on Sa(Y;z) are

SaYszi) =y VY(0<i<n)

31.1.2 The interpolating cubic spline is determined entirely by its second
derivatives at the knots

Note that since we are working with the abstract form of our cubic spline (that we have not yet con-
structed), we cannot actually compute the M;. Nevertheless, we can work with them without knowing
their values to show that they completely characterize the cubic spline.

In what follows, fix an arbitrary interval I} 1;. We state a theorem.

Theorem 31.1.1.

X = g5 r—Xx
SA(Y;2) 1y, = My (%) + Myya (W)

Proof. By the definition of a cubic spline, SX (Y;)|r,,, € IL1, is a linear function. But we also know
that we must have (by the definition of the M;, see Definition 31.1.2)

SA(Y;xp)|r,, = My

and
Sx (Y; Ik+1)‘1k+l - Mk+1

Linear functions are completely determined by their values at two distinct locations, and it is easy to

verify that the formula given for SX (Y'; )|z, ., does satisfy the two equations above. ]
Theorem 31.1.2.
Tpy1 — )3 x — x)3
a5 = MBI g BBy o0+ B,
6hk+1 6 k+1
where
My.h?
B, =y — ReUTEDY
6
- h
Ay = Y41 — Yk k41 (M1 — M)
P41 6

Proof. Use theorem 31.1.1 and integrate twice to obtain the formula

T — T 3 r — X 3
7( kgfi ) +Mk+17( k) +c1x + co
k+1

Sa(Y3 )l = My 6hit1

for some constants ¢, ca. Now, by choosing Ay, and By, properly, we can have ¢;x+cy = Ag(x—x)+ By

To see that A, and Bj have the forms mentioned in the statement of the theorem, note that by the
interpolation conditions given to us

M1
M, 6+ + By =y

SA<Y; ‘rk)llkJrl =Yk

SA(Y;xk+1)|1k+1 = Yk+1 2

hs
Mi 41 k6+1 + Arhgs1 + Br = Yrs

Solving for Ay and By gives us the desired result. |

56



Remark: The above theorem says that the interpolating cubic spline’s restrictions to the intervals
I; can be calculated in terms of the M;. Since the spline is defined by its behaviour on the
restrictions to the I, that completely determines the spline.

Now, let us try to find constants oy, By, Yk, Ox such that SA(Y;2)|r,,, = ax(z — 21)3 + Br(x — 2x)? +
Ye(x — k) + Op

Theorem 31.1.3.

SAY ;) 1y = ak(@ — z1) + Br(@ — z1)® + Yz — zk) + Ok

where
Ok = Y
— h
vy = Yet1 — Yk Nkt (2Mjs + Mys1)
hgq1 6

Mj,
=
- M1 — My,

y 6hpi1

Proof. Use theorem 31.1.2, and differentiate, plug in support points, solve, repeat. W

31.1.3 Relations between the )

Since we haven't constructed the interpolating cubic spline SA(Y;x), we cannot compute its M;. But
there exist relations between them, relations in the form of linear equations, that we can solve to determine
the M;. Unfortunately there are (n+ 1) M; to determine (namely My, My, ..., M,), and in this section
we shall only be able to derive n — 1 linear equations involving the M;.

That is where the boundary conditions described at the end of the notes for lecture 28 come in. They
reduce the degrees of freedom by an additional 2, so that we get a system of equations in the M; that
we can solve uniquely (assuming the matrix formed by them is non-singular). The boundary conditions
shall be described in greater detail in the next sub-section.

Theorem 31.1.4.

h hp +h h - — Y
Bk g 4 R PR B, o Ukl T Uk Uk T Ukl

6 3 6 "t P hy,

forall 1<k <n-1.

Proof. Recall that we had imposed the condition that our cubic splines be at least twice continuously
differentiable in lecture 28.

Then, since SA(Y';z) is a cubic spline, we must have
lim SA(Y;z) = lim S)(Y;x)
T—x z—at

Using theorem 31.1.3, and doing a lot of boring and uninspired algebra gives us the result. |

Remark: The above theorem gives us n — 1 linear equations in n + 1 variables. We are short 2
equations. Which brings us to the next sub-section.
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31.1.4 Boundary conditions
We recall the three boundary conditions mentioned at the end of lecture 28.
1) SX(Y;a) = SX(Y;b) =0.
2) SW(via) = 5 (V;b) for k= 0,1, and 2.
3) S\(Y;a) =y, and Sy (Y;b) =y, where y; and ¥, are fixed values given to you.

When used in conjunction with the interpolation conditions, any one of the three conditions above is
sufficient to guarantee the existence of n + 1 linear equations in the n + 1 variables My, My, ..., M,.
We shall prove that below.

Theorem 31.1.5. Given the interpolation conditions, and the boundary condition 1), there are
a total of n + 1 linear equations in the n + 1 variables My, M+, ..., M,.

Proof. Theorem 31.1.4 gives us n — 1 linear equations in My, M, ..., M,,. Boundary condition 1) says
that
SX(Yia)=8SX(Y;)=0 = My=M,=0 = Mg=0and M, =0

and therefore gives us two more linear equations in My, M, ..., M,. We now have n+1 linear equations
in the n + 1 variables My, My,...,M,. 1

Theorem 31.1.6. Given the interpolation conditions, and the boundary condition 2), there are
a total of n + 1 linear equations in the n + 1 variables My, M1, ..., M,.

Proof. Boundary condition 2) says that

SE(Via) =S¥ (Y;b) for k= 0,1, and 2

ot )y oy — oF) vy —0-

= Implications of S\’ (Y;a) = S,"(Y;b) for k = 0:
SR (Via) = S7(¥30) = o =y

PP ) (v ) — oF) iy _ 9.

= Implications of S, (Y;a) = S,"(Y;b) for k = 2:

SP(Via) = SP(vib) = My =M,
P )y ) — oF) vy _1-
= Implications of S, (Y;a) = S,"(Y;b) for k = 1:

S8(V3a) = S8 (v5b)
(1) Mohy  y1—yo hi(My—My)  Mphp  Yn —Yn—1  ho(My — My_q)

= — — _
> T I 6 5 T 2 6
(2) hn hn + hl hl Y1 — Yn Yn — Yn—1
— — Mpn— Mn —M, = -
6 1t T hy B

where implication (1) follows from, e.g., theorem 31.1.3, and implication (2) follows from the facts
that yo = ¥, and My = M,, as we proved above.

We now have n + 1 linear equations in the n + 1 variables My, M1, ..., M,, namely

= The n — 1 linear equations theorem 31.1.4 give us.
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= The linear equation My = M,, the case k = 2 gives us.
= The linear equation

hn hn + hl hl Y1 — Yn Yn — Yn—1
n— Mn —M; = -
6 I T hy han

the case k = 1 gives us.

Theorem 31.1.7. Given the interpolation conditions, and the boundary condition 3), there are
a total of n + 1 linear equations in the n + 1 variables My, My, ..., M,.

Proof. Left as an exercise to the reader. W

31.1.5 Using linear algebra to construct the interpolating spline

We first introduce some new notation.

Definition 31.1.3.

hi
= Vl<k<n-1
Hk hit+1 + hy (Isks )
hgq1
Ap = — 1= V1i<k<n-1
"7 Bt + I (lsks )
6 —Yk + Ykt1 Yk — yk—l)
di = — V1<k<n-1
¥ hk+1+hk< Pkt hy (l<ks )

Now, suppose we have decided to impose boundary condition 1) on the interpolating spline; that is, the
condition
SA(Y;a) = SA(Y;b) =0
In addition, define p,, = A\g = 0, and dy = d,, = 0. Then the n + 1 conditions on My, My,..., M,
can be written as follows after multiplying all the conditions except My = 0 and M,, = 0 by the factor
6

hpt1+hg

(2 o T Mo [do]
1751 2 A1 M dy
He 2 Ao M, da

Anfl
L Hn 2 | | M,] Ldn |
—— =
A M d

Empty entries denote zeroes. Matrices of the form of A are called tridiagonal matrices, or banded
matrices. There exist efficient algorithms specifically designed to compute the inverses of tridiagonal
matrices (if they exist). Note that A depends only on the partition A, not on Y. If the matrix A is
invertible, then the we can precompute A~! and solve for the equation

AM =d
by computing M = A~1d. Finally, note that by their definitions,
0<,uk,)\k<1 V(lgkﬂn—l)

We shall discuss the invertibility of A in greater detail in the notes for the next lecture.
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Lecture 32
April 1, Part A

(This part is labelled lecture 32, part B on quadrature is 33)

32.1 Definitions from Lecture 31 recapped

Recall the following definitions for the spline function Sa(Y;z), with A = {zo,...,2,} a partition of
[a,b] and Y = {yo,...,yn} a set of support points and the boundary values y{, v/,

Definition 32.1.1.
L] hk+1:-rk-i-l_kakE{Ow--,n_l}
= Moments of the spline My, = SX(Y;zx) V k € {0,...,n}

. A %Vkeu,...,n_u

:hk+hk+1
=1-X —Lwce{l n—1}
= e vow
6 Yet1 — Yk Yk — ykl)
A _ Vke{l, ...n—1
¥ hk+hk+1< P41 Iy { }

= The three boundary conditions imposed on splines, in terms of moments:
Case (a): SX(Y;a) =My =0= M, = SX(Y;b)
Case (b): SX(Y;a) = SX(Y;b) = My =M,

hy hyn +h h —Yn Yn — Un_
SH\(Yia) = SK(Y;b) = fwnfl"‘%wn-ﬁ- 61 M, — ylh Yn Y hy 1
1 n
C .oQr o) — o hy hy _ Y1~ Y% ’
ase (c): S{(Yia) =y = 3 Mo + 5 M, = PR
’ / hn I / Yn — Yn—-1
SA(Y3b) =y, = =Mpoa+ My =y, — ==

We also have from the definition of the spline function that,

hy hiy1 6 (yk-H — Uk Yk — yk—l)
— My +2My + —— = — — : 32.1
hi + hig1 ot T he + Pit1 M e+ i1 Pit1 Iy (32.1)

forke{l,...,n—1}
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32.2 Finding the moments of the spline

Using the definitions 32.1.1, (32.1) becomes

p M1 + 2My + A\ M1 = dy
forke{l,...,n—1}.
We define A, i1, d separately for each of the three boundary conditions as follows,

Case (a): Ao=dp=0, pp=d, =0

hy hn, 6 Y1—Yn  Yn — Yn—1
C b . )\n = B n — s dn = —
ase (b) o+ by M Iy hon + h1 ( Iy Fon

6 (y1—Y 6 Yn — Yn—1
C . )\ = 1 d = — — n — 1’ dn = — ro_ 2 JRT
ase (c): Ao =1, do I ( I yo>, Iz I (yn I

Including these equations in (32.1) we get the following matrix equations for the moments of the spline,

2 X 0 -~ 0 0 Mo do
M1 2 )\1 0 0 M1 dl
0 125) 2 0 0 M2 d2
. . =1 . (32.2)
0 0 O 2 o] [ Mpaa dn—1
0 0 0 o 2 | | My | | dn
[ 2 )\1 0 0 M1 i M1 i [ dl i
M2 2 )\2 0 0 M2 d2
0 pus 2 0 0 Ms d3
o =1 . (32.3)
0 0 0 - 2 X1 |Mpa dp—1
A 00 e 2 || My | | da |

where, (32.2) holds for cases (a) and (c), and (32.3) holds for case (b) where My = M,, by periodicity.

Remark: The coefficients A, uir, dj. are all well-defined for all k in all three cases. Further, they
depend only on the x; and not on the support points y; and the boundary values yj, y,,. We also
have for all k,

A >0, >0, Ap+pp =1

32.3 Existence of moments of the spline

We now prove the following existence and uniqueness theorem.

Theorem 32.3.1. The systems (32.2) and (32.3) have unique solutions for all partitions A of
[a,b].

Proof. Let A be the coefficient matrix of (32.2). If z,w € R™*! be such that Az = w and |z,| =
maxy |2k, then

Wy = UpZr—1 + 2z, + >\rzr+1

= |wy| > 2|z,| — prlzr—1] = Ar|Zrs1] (Triangle inequality, Ay > 0, ux > 0)
= max lwe| > (2 = pr — Ar)| 2] (Definition of z,.)
= m?x\wﬂ > |z (M + e =1)
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Hence, Az = w = maxy |z;| < maxy |wg]

Let B be the coefficient matrix of (32.3). If z,w € R™ be such that Bz = w and we define zy =
Zn, Wo = Wy, We get the same equations as for A by using the periodicity.

Hence, Bz = w = maxy |2x| < maxy, |wg].

Now, let C denote the coefficient matrix of (32.2) or (32.3). If C'is singular, there is some vector z # 0
such that Cz = 0. But then maxy, |2x| < 0 which is a contradiction.

Hence, C is non-singular, and the systems both have unique solutions. |
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Lecture 34
April 1, Part B

34.1 Quadrature

We have a function f about we don’'t know much and we want to calculate the integral I = fab f(x)dx,
where a, b, f(x) are given. Out of the many ways of solving this problem, a series of them can be classified
into a series of formulae called the Newton-Cotes Formulae, some of which are:

= Trapezoidal Rule
= Simpson's Rule (Most popular for "smooth" functions f and when b — a is finite.)

= Milne's Rule

34.1.1 Simpson’s Rule

The defining feature of a Newton-Cotes formulation is that we have uniform partitioning A, of b — a
into (say) n sub-intervals. Let h = “=% be the length of each sub-interval. Then our partition can
be specified by the two numbers (n,h). Let g = a, x, = b and z; = 29 + th, 0 < i < n. Define
I; = [zj_1,z;], j=1,...,n be the jth sub-interval.

Now we create an interpolating polynomial P, (z) € II,, such that P(z;) = f(z;) = fi, Vi=0,...,n.
We shall use this polynomial to approximate the integral. Note that 2y — z; = (k — i)h. So, we have
the condition that z, = z; — k =1.

n
Recall that the Lagrange Interpolation gives us the polynomial P,(x) = > f;L; such that L;(x) =
i=0
T -
k=0(ki)

Let t = %22 for any € [a,b]. Here, we shall scale/convert the variable 2 using the dimensionless

variable ¢. Using this, we get z; — xx, = h(i — k). So, we can write

T (- )
L= 11 =35
k=0(kwi) < ¢ Tk
n _
7:_
k

I]

k=0(k#i)

k
k

)
L Y
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Therefore, we can finally write

=0 i=0
n

=h § fiaz
=0

where a; = [ ®;(t)dt. Note that the weights «; depend only on n and do depend on a, b.
t=0

Example 34.1.1. Suppose we are given n = 2, the support ordinates fy, f1, fo and limits a =
0,b = 2. What is our approximation to 17
By Lagrange Interpolation, we first get Py(z) € II. Then, using Simpson’s Rule, We get

2
/&mm:QM+%+m
0

— ot afit £l (=1,

34.1.2 Trapezoidal Rule
34.1.3 Error

b b
The error is given by [ P,(z)edz — [ f(z)dz.
a a

This error term for the Trapezoidal Rule is given by %f@)(f) for some £ € [a,b]. The same for
Simpson’s Rule is given by 2 f*) f(¢) for some ¢ € [a, b].

Apply the rules in a composite form:-
Trapezoidal Rule

m. We apply the Trapezoidal Rule to every interval I; = [z;,;41] fori =0,...,n—1 to get

S = 2[f(2;) + f(ziy1)]. Therefore, the total integral becomes

(=35
=0
:h[@‘FﬂﬂH'h)+f(a+2h)+...+f(b—h)+@}

34.2 Approximation (Composite) for Simpson’s Rule

Trapezoidal Rule is an O(2) method while Simpson's Rule is an O(4) method.
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Lecture 35
April 4, Part A

We have already seen that we can find the integration f; f(z) dx using Lagrange's interpolation. Now
we try to find additional integration rules using Hermite interpolation. For this we take the simple
example when P € II3 such that

P9 (a) = f%(a) and PO (b) = f(b), Vi=0,1 (35.0.1)

For simplicity we take a = 0, b = 1. Thus recall from Lecture 25, that the Hermite interpolation gives

=0 k:O
we get that
Loi(z) = z(z — 1)? and Loo(z) = (x — 1)% + 22(x — 1)?
Lii(z) = 2%(z — 1) and Loo(z) = 22 — 222 (z — 1)

and hence, we get that
P(z) = f(0)[(z — 1)* + 2z(z — 1)*] + f(0)a(z — 1)* + f(1)[2® — 22%(z — )] + f'(1)2*(x — 1)

and hence we get that

! ]- 1 / /
| P@)de = 50+ 1) + (0 - r)

but then for general a and b, we can take P(t) = f(a + ht) where h := b — a, and then

/f Ydx =h /fa+ht
/p
B2

- 5(f(a) +£(0) + 15(f(a) = f'(0)

Now, when are computing the integral using different quadrature rule (integration rules) such as the
above Hermite interpolation one, we don't apply the formula on the whole interval, instead we apply it
on subintervals into which the interval [a, b] has been divided. The full integration is then approximated
by the sum of the approximations to the subintervals. We are here approximating the integrals locally,
and then extending it, this gives rise to a composite rule. We now look at the composite rules in various
cases quadrature rules.
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35.1 Composition of Errors in Trapezoidal and Simpson’s Rule

35.1.1 Trapezoidal Rule

In this case we assume that the quadrature rule on an interval [z;, ;1] is given by

h
I = §(f($i) + f(@it1)) (35.1.1)
where [z;,x;11] are the subintervals formed by the partition x; = a + th, Vi = 0,1,..., N, where

h:= Z’_T“ Thus for the entire interval we get the approximation

N—-1

-y

=0

—h f(;‘ (a+h)+ fla+2h) + +f(b—h)+f(2b)>

Assuming that f € 62[a,b], it can be shown that (using Peano’s Error formula which is stated in the
next section) the error denoted by ¢; is

Tit1 h3
- / Flar)de = 1 ) (e (35.1.2)
for some &; € (x;,x;41). Thus summing all these individual error terms we get that

O T

i

R
D)
=0

where (1) follows from the fact that
min () Z ) < max f@ (&)
=0

and since f € “62[a,b] hence by Intermediate Value Property, there exists a £ € [min; &;, max; &]
such that

N—
f(2) Z (2)
i=0
Hence we have shown that
/ f(x ( a)fP (), for some & € (a,b) (35.1.3)

Thus we get that as h tends to 0, the approximation error approaches zero as fast as h?, so the Trapezoidal
rule is a method of order 2. So what have shown is the following
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Theorem 35.1.1. The approximation error in the Trapezoidal rule approaches 0 as fast as h2,
i.e., the Trapezoidal rule is a method of order 2, and in general for the partition

A:{:c():a<x1:a+h<~--<xN,1:b—h<mN:b}
the error term is given by

h

b 2
ep :=T(h) — / fl@)dz = (b—a) fA (), for some € € (a,b)
where h = b*T“

35.1.2 Simpson’s Rule

Recall that in Simpson'’s rule, the integration rule on the interval [a,b] is given by the Lagrange inter-
polate P € II, with nodes at xg = a,z1 =a+ h and 2o = b, where h =b —a

b b
| e s [ P@yds= 5o+ afi+ 1)

where f; = f(x;) fori =10,1,2.

Now we assume that the number of nodes in the partition of the interval [a, b] is even, i.e., let
A={rp=a<z1=0a+h<---<zny=>0}

where N is even. Now we apply Simpson's rule on each of the subintervals [z2;, 22;12], with nodes at
T, To;+1 and xo;42, then we get that

I = g[f(@z) +4f(22i41) + f(22i42)], Vi=0,1,... 7% -1
Summing all these % approximations we define
S(h) 1= & (7(a) + 47 (a+h) +2f(a-+20) 4 +27(b—20) + 4F b~ k) + f(B)  (3514)

now we assume that f € 6€%[a,b], then it can be shown (using Peano’s Error formula which is stated
in the next section) the error denoted by ¢; is

g =1I; — /GE+ f(z)de = %f(“)(gi) (35.1.5)

for some &; € (x2i,Z2;42). Thus like in the case of Trapezoidal rule, in we sum up all these error terms
and with similar arguments we get that

b h4
S(h) —/ flz)dx = ﬁ(b —a)f®(€), for some ¢ € (a,b) (35.1.6)

Thus we conclude this section with the following theorem:
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Theorem 35.1.2. The approximation error in the Simpson’s rule approaches 0 as fast as h?,
i.e., the Simpson’s rule is a method of order 4, and in general for the partition

A:{x0:a<x1:a+h<~--<:tN,1:b—h<a:N:b}
with N even, the error term is given by

b h4
es = S(h) — / flw)de = 75 (b— a)f@B(€), for some € € (a,b)

__ b—a
where h = =P

35.2 Peano’s Error Representations

Observe that all the integration rules (quadrature rules), we have used so far are of the form

I(f) = Ziakjf”’(:ckj) (35.2.1)

7=0 k=0

For a given integration rule I as in equation (35.2.1), we define the integration error as

b
R =10~ [ fla)ds (35.22)

Remark: Observe that R :V — R is a linear functional, i.e.,
R(af + Bg) = aR(f) + BR(g), Vf,g €V, and o, € R

where V' is a suitable vector space over the field R, for example V.= C"[a,b] or V

I
=
g

Now we state the following result which is due to Peano:

Theorem 35.2.1. (Peano’s Error Formula). Suppose I be an integration rule such that
the corresponding integration error satisfies the condition that R(P) = 0 for all P € II,,
i.e., every polynomial whose degree is at most n, is integrated exactly. Then for all functions
f € €™ a,b], we have

R(f) = / ) K (1) at

where

K(t) := %Rm[(:c — 84, (@ -0 = {éx - icft;cerzw?se

and R, [(x — t)"] denotes the integration error of (x —t)’t when considered as a function of z.
The function K (t) is called the Peano kernel of the linear functional R.

We first give an application of the Peano’s error formula, in the case of Simpson’s rule. Note that

/abf(x)dmz/llf(t)dtzb;“/llf«b;a)”b;a)dt: b;a/llg(t)dt
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where g(t) = f ((%5%) t + 2£%). Thus the task of approximating the integral f(f f(x)dx is equaivalent

to approximating the integral f_ll g(x) dz, thus WLOG, we may assume that the nodes of the Lagrange
interpolate for the Simpson’s rule to be —1,0, 1.

First of all we need to show that R(P) = 0 for all P € II5. So we let P be any polynomial in II3, and
consider the Lagrange interpolate polynomial @) € II, defined by

Q(-1) = P(-1), Q(0) = P(0) and Q(1) = P(1)

and set
S(w) = Px) — Q(x)

Then note that z = —1,0, 1 are roots of S and since S € I3, we must have S(z) = ax(x? — 1) for some
constant a € R. Thus we get that S is an odd function and hence we get that

/_115(:U)da:20

R(S) = %(S(—l) 1+45(0) + S(1)) — /_11 S(z)dz = 0

and hence we get

Now we have Q € Ily, thus we must have Q(x) = px? + gz + r for some constants p,q,r € R, and
hence we get that

1 1
R(Q) = 3@ +Q0) + Q) - [ Qds

1 1
—s(=arn+ar+ pra+n) - [ s
—1
1

1 3 2
= §(2p+67“) - <px3 +q% +mc>

-1

2 2
= 3(p+3r) = 3(p+3r)

=0
and finally since R is a linear functional we get that
R(P)=R(S)+ R(Q)=0

but since P was arbitrary we get that R(P) = 0 for all P € II5. The the Simpson’s rule indeed satisfies
the hypothesis of Peano’s Theorem 35.2.1, for n = 3.
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Lecture 36
April 4, Part B

36.1 Proof of Peano’s result

Check Stoer and Bulirsch.

36.2 Gaussian Integration

36.2.1 Motivation and Introduction

The Newton-Cotes formulae we have seen so far are derived assuming that the size of each interval in
the partition we are numerically integrating over is the same. This shall not be the case with Gaussian
integration. In addition, Gaussian integration is deeper connections to other areas of numerical analysis,
and even analysis in general.

But enough motivation! Let's get to the meat of this topic, and begin by laying out our task. Suppose you
have been given a function f to integrate on an interval [a,b]. Then if you're using Gaussian integration
to accomplish that you integrate

Definition 36.2.1.

where w is a weight function that you have chosen, that satisfies

w>0

The function w must satisfy some conditions, which we will list after stating a definition used to frame
them.

Definition 36.2.2. For all integers k > 0,
b
Lk :/ zhw(z) dz

The conditions w must satisfy are
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Definition 36.2.3.
= w must be measurable on [a, b].
= g must exist and be finite for all k& € Z, such that k£ > 0.
= For any polynomial s, if s > 0 on [a, b], then

/ s(z)w(z)de =0 = s=0on [a,b]

[ Remark: By choosing w = 1, we recover the Newton-Cotes formulae we have discussed so far. ]

One advantage of Gaussian integration is that it lets you "divide intervals in uneven sizes”, and deal with
intervals of infinite length. In particular, in the discussion above, a and b might be +o0.

Example 36.2.1. Let ¢ be any non-zero real. Then, the integral
2

oo
/ cdz
— 00
does not exist, but the Gaussian integral of ¢ over (—oo, 00) obtained by choosing w(z) = e™*,
namely

does exist.
The above example immediately raises the question: How do we choose the weight function w to use?
Some kinds of weight functions that are commonly used are

= Legendre polynomials

= Laguerre polynomials

= Hermite polynomials

= Tchebyshev polynomials

The classes of polynomials listed above form orthogonal classes of polynomials, and the next subsection
is dedicated to defining the basic notions required to explain what that means.

36.2.2 Orthogonal Polynomials
Definition 36.2.4. We define, for all integers n > 0,
I, = {p € R[z]: deg(p) < n}

and -
I, = {p € II,,: pis monic }

Note that II,, is a vector space.

We introduce some more definitions. In the following definitions, w is a weight function on a fixed interval
[a, b] satisfying the conditions in 36.2.3.
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Definition 36.2.5. Now fix an integer n > 0.
Since II,, is a vector space, we can give it an inner product, which we do by defining the inner
product (-, -) by

b
(. 9) = / w(@)f(@)g(z) dz

for all f,g € I1,.
and one more definition before the definition of orthogonal polynomials:

Definition 36.2.6.

b
L2[a, bl = {(f, f) :/ ) ()l s cnndl s (i )
for all f € I1,,.
and finally, the definition of orthogonal polynomials

Definition 36.2.7. If p,q € II,, for some integer n, we say that p and ¢ are orthogonal if
(p,q) =0

We are done with the notes for Part B of the NC lecture on April 4.
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Lecture 37
April 11, Part A

Let's recall some definition from the previous lecture.

Definition 37.0.8.

b
9()= [ w)f(e)ds

where w is a weight function that you have chosen, that satisfying w > 0
= For all integers & > 0,

b
i :/ zFw(z) dz
For the above two,
— w must be measurable on [a, b].

— i must exist and be finite for all k € Z, such that k > 0.
— For any polynomial s, if s > 0 on [a, b], then

/b s(x)w(z)dx =0 = s =0 on [a,D]

= Vintegers n > 0,
II,, = {p € R[z]: deg(p) < n}and II,, = {p € II,,: p is monic }

Note that II,, is a vector space. Also, II,, C II,,
= Fix an integer n > 0. We can define an inner product (-, -) on II,, by

b
(fq) = / w(@) f(2)g() de

for all f,g € I1,.

b
L2[a, bl = {(f, f) :/ ) ()Pl s and s i )

for all f e IL,.
= If p,q € I1,, for some integer n, we say that p and ¢ are orthogonal if (p,q) =0
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37.1 Gram-Schmidt Orthogonalization on polynomials

For the vector space of all polynomials with at most degree n, I1,,, we can apply Gram-Schmidt Orthog-
onalization to the basis, {1,z,...,2™} w.r.t the inner product defined above and obtain an orthogonal

basis, {po(x), p1(), ..., pn(x)} with deg(p,) =7V r.

We can compute the orthogonal polynomials as follows:
Let ux(z) = 2%, VEk € {0,1,...,n}

® Do = Uo 1
+ P = T GrRps for ke {L,... )

Recursively, we can write the above as,
" po=up ,i-e, po(r) =1V z € [a,b)
= pr(z) = (m - 7%@ ’“:11);,1’“:13)) Pr—1— 7?&'“25?39%—2(:6) for k€ {1,2,...,n}

Note that, here we take p_; =0

Example 37.1.1. Let's explicitly compute pg, p1,p2 with a = —1,b = 1. Note that, we care
only about the roots of the polynomials, so we will save ourselves the trouble of normalizing the
polynomials. We start with the usual basis, ug(x) = 1,ui(z) = 2, us(x) = 2
We take, pg = ug. Now, taking out the pg—component from u; we left with

= uy(x _ {u,p0) %) = &
pi(x) = () <p0’p0>270( )

Since,

1
<u1ap0>:/ zdr =0

=il

To find, po2, we similarly take out the py and p; —components from w5 to get,

(uz, po) (@-M (2) = 22 1

Pa(e) = ua(e) = (popo) " (pr,p1)

We now state and prove an important theorem.

Theorem 37.1.2. Each p,, has n distinct zeros inside the open interval (a, b)

Proof. Since, p,, is orthogonal to II,,_y, for any polynomial ¢ with deg(q) < n, we must have

b

(g, pn) = / 4(@)pn(z) dz = 0

a

Let p,, have exactly m distinct real zeros of odd multiplicities inside (a,b). Call them, a1, aa,..., m.
Define a polynomial,
q(z) = (z —a1) - (z — o)
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Then ¢(x)pn(x) has all real zeros of even multiplicities, and hence does not change sign over (a,b). So,

b

/ 4()pa(z) dz # 0

a

By the construction of p,(z) this forces deg(q) > n. But m < n and hence m = n.
So, pn, has exactly distinct roots (with odd multiplicities). Since p,, has degree n, all the zeroes are real
and distinct and inside (a,b). W

75



Lecture 38
April 11, Part B

38.1 Basic Properties of Orthogonal Polynomials
Now that we have shown that there exists polynomials p; € I:Ij, for j =0,1,2,..., such that
(pﬂpj)zov fOI’Z;éj

Thus we have {p1,...,pr} is an orthonormal basis for the inner product space I, with inner product
defined by the weight functions

b
(f.9) = / w(@)f(@)g(x)dz, f,geTL

Thus any polynomial p € Il is clearly representable as a linear combination of the orthogonal polynomials
pi, © < k, which in fact gives us the following lemma:

Lemma 38.1.1. (p,p,) =0, for all p € II,,_;.

Proof. We have {pg,...,pn—1} is an orthonormal basis for II,_;, and hence there exists scalars
ap,a1,...,a,_1 € R such that

p@) = 3 api()

i=0
and thus by linearity of inner product we get

(p,pn) = (Z aipiap>

1=0

Theorem 38.1.2. The roots of the polynomial p,, are real and simple.

Proof. We the consider the roots of p,, which are of odd multiplicities, i.e., we consider the roots where
pn changes sign. WLOG let them be 1, ..., x;, where [ < n, and we define the polynomial ¢(z) by

l
q(z) = H(a: —x;) €1l (38.1.1)

Jj=1
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But then observe that the polynomial p,(z)g(x) does not change sign (as all the roots are of even
multiplicities now). Thus we must have

b
(nsd) = [ w(@pa(@)ata) ds £ 0

but then deg(q) = [ cannot be strictly less than n, as otherwise we would have (p,,¢) = 0 (from Lemma
38.1.1), thus it must be the case that [ = n. But then all the roots of p,, have multiplicity 1, and thus
we get that roots of p,, are real and simple. [ |

We need this lecture by giving a glimpse of what we will do in the next lecture.

38.2 Glimpse of Exact Integration using Gaussian Integration

Consider x1, xs, ..., x, be the roots of the orthogonal polynomial p,,. We consider the following matrix:
po(z1)  po(z2) -+ polzn)
pi(z1) p1(z2) o pi(wn)
4 | P10 o | (38.21)
pn—l(xl) pn—l(xl) te pn,—l(xn)

we will show that the following matrix is in fact nonsingular, thus we can consider the system of linear
equations

n b .
= d fk=
> pr(wi)w; = (o, po) = J, w(z) dz =0 (38.2.2)
| 0 ifk=1,...,n—1
then as we will see, we get w; > 0 for i =1,...,n and in fact we have
b n
[ ez =3 () (38.23)
@ i=1

holds for all polynomial p € Iy, ;.
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Lecture 39
April 18

39.1 Exactly integrating polynomials using Gaussian integration

39.1.1 Basic definitions and setup
Recall that in previous lectures we have proved that given
= an interval [a,b].
= and a weight function w on [a, b].
there exist polynomials pg, p1,pa, - - ., pn € 1L, such that
» p eIl for 0<i<n.
= The collection of polynomials pg, p1, ..., pr form an orthonormal basis for IT, for all 0 < k < n.
= p, has n simple roots.
= The p; can be calculated using a recursive relation.

Let z1,x9,...,x, be the n roots of p,. Then, define the matrix A by

Definition 39.1.1.

[Algi = pr(z)  YO0<k<n-1,1<i<n)

Then, we want to solve the system of equations given by

po(x1) po(r2) Po(@n) w1 (Po,po)
pi(z1) pi(xe) p1(zy) w2 0
= (39.1.1)
Pn—1  Pn(r2) ... Dpo1(zn)] lwn 0
A

To clarify, the column vector on the right has (pg, pg) in it's first row, and 0 in all the other rows. The
reason we want to solve the above set of equations is that, if we know the values of the w;, we can
exactly integrate w times any polynomial of degree at most 2n — 1 over the interval [a, b].

To solve the system of equations, we first show that

Theorem 39.1.1. The matrix A4 is invertible.
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Proof. We shall show that for any vector ¢, Ac =0 = ¢ = 0. That shall be enough to prove that A
is invertible. Let ¢ = (c1,c¢a,...,¢,)T be a any vector such that Ac = 0. Now, Ac =0 = cT'A=0.
Expanding the last equality into a system of equations, we obtain that

n—1
ch—pi(xk) =0 V(1 <k<n)
i=0

Therefore the polynomial @ defined by Q(x) = Z?:_ol ¢ipi(x) has the roots 1, %, ..., Tp.
We have already proved that u # v = x, # x,; it is simply the statement that p,, has n simple roots.

Therefore, @ has at least n roots, namely z1, zo, ..., z,. But from the definition of @, namely Q(z) =
leol cipi(z), and the fact that p; € II; for 0 < i < n, we know that the degree of ) is at most n — 1.

Therefore, () must be identically 0, which implies that ¢; =0 for all 1 < j < k. |

Corollary 39.1.1.1. The solution to the system of equations 39.1.1 is unique. W

39.1.2 The exact integration

Next, we come to the most important theorem about Gaussian integration:

Theorem 39.1.2. Let p € II5,, 1. Then,

b n
/ w(z)p(z) de = Zwip(xi)
@ i=1
where the w; are the solutions to the system of equations 39.1.1.

Proof. Use the Euclidean algorithm to write p as

D=pnq+T

where ¢ € I,,_1. Then it must also be the case that r» € IT,,_;. Write

a@) = S am@) and r(@) = 3 Bipile)
1=0 1=0

Then, note that
b

/abw(x)p(m) dz = /abw(x)pn(a:)q(x) dx+/a w(z)r(z) dz

Term 1 Term 2

Since ¢(z) = Z?;ol a;p;(z) and po,p1,...,pn form an orthonormal basis for II,,, it follows that Term 1
is 0. As for Term 2, note that

b n—1
/ w(z)r(x)dz = (po,p) = > Bi(po, k) = Bo(po, o)

=0

since pg, p1, - - -, Pn form an orthonormal basis for IT,,. Therefore, f;w(z)p(x) dz = Bo(po, po)-
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Next, we shall show that Y . | w;p(x;) = Bo(po,po). That shall finish the proof. To that end, note that

Y winl:) =Y wilpa(ws)a(z:) + (i)
i=1 i

1

n— n
Bre Z wipk ()
k=0 =1

®)

= Bo(po, o)

Xy, are roots of p,,, equality (2) from interchanging
|

where equality (1) follows from the fact that z1, xo,
the sums, and equality (3) from the fact that the w; satisfy the system of equations 39.1.1

We now state and prove another important theorem

Theorem 39.1.3. The w; in the system of equations 39.1.1 are all greater than 0

Proof. Define, for all integers j such that 1 < j <n

n

pi(@) = [J(z — )’
k=1
k#j
Note that p; € II5, o € II5,_1 for all 1 < j < n, which implies, by theorem 39.1.2, that

n n

/ z)p;(z) dz = Zwlp] ;) Zwl H —xp)?

N

n n n
But since [] (z; —xy)? for all i # j, it follows that >°1" , w; | [T (zi —2x)? | =w; | [1 (zj — zx)?

k=1 k=1 k=1

[ KA =
Therefore, we have

b n
/ w(z)p;(r)dr = w; H(xj — )2
@ k=1

=

Now, recall that any weight function on an interval [a, b] must satisfy the condition that for any polynomial

s, if s >0 on [a,b], then
s=0on [a,b]

/ab s(x)w(x)dx =0 =

Now, for all 1 < j <n, p; >0 on [a,b], but p; # 0 on [a,b], so since w > 0 on [a,b], we have
b
/ w(z)p;(z)dz >0
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Also, by elementary considerations

Therefore, since

b n
/ w(z)p;(r) dr = w; H(xj — )2
@ k=1
k#j
it follows that w; > 0 forall 1 < j <mn. |
Next we show that theorem 39.1.2 does not hold for some polynomials in IIo,.

Theorem 39.1.4. There exists a polynomial p € Ily, such that there exists no collection
w1i,ws, . ..,wy, such that

b n
/ w(x)p(z)dz = Zw,ﬁ(azl)

Proof. Define p(z) = [[;_,(z — x1)?. Then recall that any weight function on an interval [a,b] must
satisfy the condition that for any polynomial s, if s > 0 on [a, ], then

b
/ s(x)w(x)dx =0 = s=0on [a,b]
Now, for all 1 < j <mn, p >0 on [a,b], but p# 0 on [a,b], so since w > 0 on [a,b], we have
b
/ w(z)p(x)dxz >0

However, p(z;) = [[i_,(x; —xx)? =0 forall 1 < j <n,so Y ., wp(z;) = 0. Therefore,

b n
/ w(@)p(z)dz > 0= Zw@(xi)

i=1
and we are done. [}
Next, we state a converse to theorem 39.1.2.

Theorem 39.1.5. If there exists a collection of pairs (w1, 1), (W2, Z2), ..., (Wn,Z,) such that

b n
/ w(@)p(e)dr = 3 wiple:)

for all p € Ily,,_1, then the x; are the roots of p,,, and the w; are the solutions to the system of
equations 39.1.1.

Proof. See Stoer and Bulirsch. N

81



39.1.3 Choosing the right weight function and orthonormal basis

Now, we list some types of intervals and the weight functions plus the systems of orthogonal bases best
used with them. Through a combination of using scaling and shift transformations, most intervals you
encounter can be transformed into a type of interval that is listed below:

| Interval [a,b] | Weight function w(x) | Orthonormal basis (the p;) |

[—1,+1] 1 Legendre Polynomials

[0,00) e Laguerre Polynomials

(=D,+D) et Hermite Polynomials
[—1,+1] (1—2a2) 2 Tchebyshev Polynomials

82



	Contents
	Lecture 14 (February 21, Part A)
	Bisection Method
	Algorithm for Bisection Method
	The Bisection Method is guaranteed to converge to a root
	How many iterations do we need?
	Pros and Cons of Bisection Method


	Lecture 15 (February 21, Part B)
	Newton's Method/Newton-Raphson Method
	Algorithm
	An example computation problem


	Lecture 16 (February 28, Part A)
	Error Analysis of the Newton Raphson method
	Bounding some Parameters
	Even more computational problems
	The Secant method

	Lecture 17 (February 28, Part B)
	Fixed Point Method
	Necessary Condition for Existence of a Fixed Point
	Uniqueness of the Fixed Point


	Lecture 18 (March 4)
	Fixed point methods
	Introduction to Interpolation
	What is Interpolation?


	Lecture 20, March 7, Part A
	Interpolation
	Lagrange's Interpolation Formula

	Lecture 21 (March 7, Part B)
	Neville's Algorithm

	Lecture 21, March 7, Part B
	Neville Interpolation

	Lecture 22 (March 11, Part A)
	Another View-point to the Neville's Algorithm
	Newton's Interpolation Formula: Divided Differences
	Relation between Divided Difference Coefficients


	Lecture 23 (March 11, Part B)
	Summary of Newton's divided differences
	Error Analysis

	Lecture 24 (March 14, Part A)
	Divided-Difference Scheme
	An alternate notation
	Error Term

	Lecture 25 (March 14, Part B)
	Hermite Interpolation
	The Hermite Interpolation has an Unique Solution
	Generalized Lagrange Polynomials and Explicit Construction of the Hermite Interpolation Polynomial


	Lecture 26 (March 18)
	Algorithms for Hermite interpolation
	Virtual Abscissae
	The problem of Hermite interpolation - rephrased.
	Generalizations of the techniques used in previous sections


	Lecture 27 (March 21, Part A)
	Neville Type Algorithm for Hermite Interpolation
	Generalized Divided Differences

	Lecture 28 (March 21, Part B)
	More interpolation algorithms for virtual abscissae
	Newton's divided differences for virtual abscissae

	Spline interpolation
	Introduction
	The uniqueness of splines passing through n+1 support points


	Lecture 29 (March 25, Part A)
	Theoretical Foundations for Cubic Spline Interpolation
	Holladay's Identity
	Minimum Semi-norm Property of Spline Functions
	Geometric Interpretation of Cubic Spline Functions


	Lecture 30 (March 25, Part B)
	Uniqueness of Spline Function

	Lecture 31 (March 28)
	Constructing an interpolating cubic spline
	Brief description of the following subsections, and one new definition
	The interpolating cubic spline is determined entirely by its second derivatives at the knots
	Relations between the Mi
	Boundary conditions
	Using linear algebra to construct the interpolating spline


	Lecture 32 (April 1, Part A)
	Definitions from Lecture 31 recapped
	Finding the moments of the spline
	Existence of moments of the spline

	Lecture 34 (April 1, Part B)
	Quadrature
	Simpson's Rule
	Trapezoidal Rule
	Error

	Approximation (Composite) for Simpson's Rule

	Lecture 35 (April 4, Part A)
	Composition of Errors in Trapezoidal and Simpson's Rule 
	Trapezoidal Rule
	Simpson's Rule

	Peano's Error Representations

	Lecture 36 (April 4, Part B)
	Proof of Peano's result
	Gaussian Integration
	Motivation and Introduction
	Orthogonal Polynomials


	Lecture 37 (April 11, Part A)
	Gram-Schmidt Orthogonalization on polynomials

	Lecture 38 (April 11, Part B)
	Basic Properties of Orthogonal Polynomials
	Glimpse of Exact Integration using Gaussian Integration

	Lecture 39 (April 18)
	Exactly integrating polynomials using Gaussian integration
	Basic definitions and setup
	The exact integration
	Choosing the right weight function and orthonormal basis



