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Notation: In the following when intervals [a, b] are considered it is assumed that a, b ∈ R
and a < b.

(1) Show that there is no continuous function f : R→ R such that f(x) = c has exactly
two solutions for every c ∈ R.

(2) Let g : (1, 2) → R be a continuous function such that limx→1+ g(x) = 0 and
limx→2− g(x) = 5. Show that there exists x0 ∈ (1, 2) such that g(x0) = 1 +

√
3.

(3) Let h : R→ R be a function satisfying

|h(x)− h(y)| ≤ R|x− y|2, ∀x, y ∈ R.
Show that h must be a constant function.

(4) Let f : (a, b) → R be a continuous function, differentiable at all points except
possibly at c ∈ (a, b). Suppose limx→c f

′(x) = L for some L ∈ R, show that f is
then differentiable at c and f ′(c) = L.

(5) Suppose g : [a,∞)→ R is a differentiable function and g′(x) ≥ 0 for all x ∈ (a,∞).
Show that g′(a) ≥ 0.

(6) Suppose a1, a2, . . . , an are n-real numbers. Define g : R→ R by

g(x) =
n∑

j=1

(x− aj)
2.

Find the unique global minimum point for g.
(7) Find points of relative extrema for the following functions. Identify the intervals in

which it is increasing and the intervals where it is decreasing.
(i) g1(x) = |(x− 2)(x− 3)|, x ∈ R.
(ii) g2(x) = (|x| − 2)(|x| − 3), x ∈ R.

(8) Give an example to show that an uniformly continuous function need not be differ-
entiable. Give another example to show that a differentiable function need not be
uniformly continuous.

(9) Find first four terms in the Taylor expansion of the function g(x) = 1
x around the

point x0 = 1.
(10) Find first three terms of the Taylor expansion of the function g : [−2, 2]→ R defined

by

g(x) =
2x

(x− 3)(x + 5)
,

around the points x0 = 0 and x1 = 1.
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