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Lecture 2: Set theory and Russell’s paradox

I What is a set?

I Informal Definition: A set is a collection of well-defined
objects.

I Example: A = {2, 3, 4}. B = {a, b, c}.
I N = {1, 2, . . .} the set of natural numbers.

I Z = {. . . ,−2,−1, 0, 1, 2, . . .}-the set of integers.
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Why to have the phrase ‘well-defined’?

I The collection of students in this class. This is a set.

I The collection of tall students in this class. This is not
well-defined, unless we specify what exactly we mean by ‘tall’.

I The collection of ‘smart’ students in this class. This is also
not well-defined unless we are clear as to who is smart and
who is not.

I The main point here is that given an object we should be
clear as to whether it is an element of the set or not.

I This is a requirement so that we do not have any confusion.
Still the definition is only an informal one.
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Russell’s barber paradox

I There is a village with just one barber.

I The barber cuts hair of some villager if and only if the villager
does not cut it himself/herself.

I Does the barber cut his/her own hair or not?

I You see that either way you have a problem.

I Let us see some more paradoxes of similar type.
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Almighty god

I Assume that there exists a god, who is almighty. That is
he/she is all powerful.

I Qn: Can god create a small stone?

I Ans: Yes!

I Qn: Can god create a huge stone?

I Ans: Yes!

I Qn: Can god lift a small stone?

I Ans: Yes!

I Qn: Can god lift a huge stone?

I Ans: Yes!

I Qn: Can god create a huge stone which is so big that god
also can’t lift it?

I Ans: ?????
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Adjectives

I We classify the adjectives in English into two types.

I An adjective is autological if it applies to itself. Otherwise it is
heterological.

I For instance, ‘SHORT’ is a short word. So it is auto-logical,
whereas, ‘LONG’ is not a long word, so it is heterological?

I More auto-logical words: ENGLISH, NOUN,
UNHYPHENATED, AUTOLOGICAL, ...

I More hetero-logical words: JAPANESE, HYPHENATED,
MONOSYLLABIC, ...

I What about the adjective ‘HETEROLOGICAL? We again face
a problem.
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A catalogue of catalogues

I Our city has many libraries. Every library has a catalogue
listing all the books the library has.

I Now the catalogue itself is a book. So some librarians may
include it as a book the library has. Some other librarians may
disagree and may not include the catalogue as a book of the
library.

I There is a master librarian of the city, who maintains two
catalogues of catalogues.

I First Catalogue containing names of all catalogues which list
themselves and the Second Catalogue containing names of all
catalogues which do not list themselves.

I The First Catalogue can contain itself in its list or you may
drop it. Either way it is fine.

I There is a problem with the Second Catalogue. Should it list
itself or not?
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Russell’s paradox in set theory

I Let L be the set of all sets in the world.

I Clearly L is well-defined. Any set is a member of L, anything
else say mangoes and apples are not in L.

I But L is a bit extraordinary as L itself is a member of itself.

I So we classify sets into two mutually exclusive types as
ordinary sets are those which do not contain themselves as
members. Extraordinary sets are those which contain
themselves as members.

I Let M be the set of all sets having two or more elements.
Then M is an extraordinary set.

I Let A be the set of all ordinary sets and let B be the set of all
extraordinary sets.

I Is A ordinary or extraordinary? Either way we have a problem!
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Zermelo Fraenkel axioms for set theory

I Our conclusion from Russell’s paradox is that our naive
definition of sets as collections of well-defined objects is not
good enough. It leads to contradictions.

I A good set of axioms were given by Zermelo and Fraenkel.
I Along with these most mathematicians use the Axiom of

Choice, which says given a non-empty collection of non-empty
sets one can form a set containing at least one element from
each set, or equivalently, the Cartesian product of a
non-empty collection of non-empty sets is non-empty.

I Together these axioms are known as ZFC.
I We will NOT go into the details of these axioms. If you are

interested please have a look at Wikipedia.
I The purpose of this lecture is just to warn you that our naive

definition of sets is not good enough. In particular, we should
avoid talking about objects such as set of all sets etc. We
avoid such a problem by only talking about sets formed by
familiar objects such as natural numbers and real numbers.

I You may see details ZFC later on if you do a course on
foundations of set theory and logic.

I END OF LECTURE 2.
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I The purpose of this lecture is just to warn you that our naive
definition of sets is not good enough. In particular, we should
avoid talking about objects such as set of all sets etc. We
avoid such a problem by only talking about sets formed by
familiar objects such as natural numbers and real numbers.

I You may see details ZFC later on if you do a course on
foundations of set theory and logic.

I END OF LECTURE 2.
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