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(1) Compute the pointwise limit of {fn}, where

fn(x) =
xn

1 + xn
(n ≥ 1, x ≥ 0).

Also prove that {fn} converges uniformly on [0, ϵ] for all 0 < ϵ < 1, but not on [0, 1].

(2) Prove that the sequence { nx
1+n3x2} converges uniformly on [0, 1].

(3) Prove that the sequence { n2x
1+n3x2} is not uniformly convergent on [0, 1].

(4) Let fn(x) =
1
n
sinnx for all x ∈ R and n ≥ 1. Prove that fn → 0 uniformly on R.

(5) Let f(x) = 1
x
− x

n
, x ∈ (0, 1]. Prove that {fn} converges uniformly on (0, 1] to the

limit function f(x) = 1
x
, x ∈ (0, 1].

(6) Let p, q > 0, and let

fn(x) =
xp

n+ xq
(n ≥ 1, x ≥ 0).

Prove that fn → 0 uniformly on [0,∞) if and only if p < q.

(7) Let {fn} and {gn} be sequences of functions on S ⊆ R, and suppose fn → f and

gn → g uniformly on S. Prove that fn ± gn → f ± g uniformly on S.

(8) Let {fn} be a sequence of functions on S ⊆ R, and suppose fn → f uniformly on S.

If { 1
fn
} is uniformly bounded on S, then prove that 1

fn
→ 1

f
uniformly on S.

(9) Prove that the product of uniformly convergent sequences of functions may not con-

verge uniformly.

[Hint: Consider fn(x) = x+ 1
n
, n ≥ 1 and x ∈ R. Then consider f 2

n.]

(10) Prove that the sequence of functions defined by

fn(x) =
n+ x

4n+ x

converges uniformly on the interval [0, r] for any r > 0, but does not converge uniformly

on [0,∞).

(11) Let {fn} and {gn} be sequences of bounded functions on S ⊆ R, and suppose fn → f

and gn → g uniformly. Prove that fngn → fg uniformly.

(12) Prove that {sin(x+ 1
n
)} converges uniformly to sin x on R.

(13) Let f be uniformly continuous on R and let {rn} be a convergent sequence of real

numbers. Suppose

fn(x) = f(x+ rn) (n ≥ 1, x ∈ R).

Prove that {fn} converges uniformly on R.
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