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Remark: Standard inner product is considered on R"™ and C" unless some other inner
product is explicitly mentioned.

(1) Define ‘I'-norm’ on C" by

n
llly = |w], Vo e C™.
j=1
Show that (i) ||z +y|1 < ||z|1 + |y|l1, Vx,y € C™. (ii) ||=||; = 0 if and only if z = 0.
(iii) ||az||1 = |al||z|]1 for all a € C,x € C". (iv) For n > 2 there is no inner product
(-,-) on C™ such that
|zl = ((z,2))2, Vo € C".
(2) Let V' be a finite dimensional inner product space with inner product (-,-). Let
B :V — V be an invertible linear map. Show that

(z,y)p := (Bz, By),Va,y € V,

defines an inner product on V.

(3) (i) Let A: C™ — C™ be a linear map. Show that (v, Av) = 0 for all v € C" implies
A =0. (ii) Show that in general the result in (i) is not true if C" is replaced by R™.
(Hint: Get a counter example with n = 2.)

(4) Let V, W be finite dimensional inner product spaces and let A: V — W be a linear
map. Show that

ker (A) = (range (A*))*.
(Here ‘ker’ stands for kernel.)

(5) Let S be a non-empty subset of a finite dimensional inner product space V.

(i) Show that

(5+)% = span (9).
(ii) Show that ((S+)4H)+ = S+,

(6) Let U be an n x n unitary matrix. Define D = [d;;]1<; j<n by

dij = lui[*, 1<4,5 <n.

Show that D is a doubly stochastic matrix. Such matrices are known as ‘unitary
stochastic’ matrices. Show that not every doubly stochastic matrix is a unitary
stochastic matrix.

(7) Let A be an eigen value of a unitary matrix. Show that |A| = 1.

(8) Suppose {ai,as,...,a,} are eigenvalues of a matrix A. Suppose {bi,...,b,} are
eigenvalues of a matrix B. Show that in general eigenvalues of A + B are not given
by {a1 + b1,...,an + by}. However, this the case if B = bI for some b € C.



(9) Let Vi be the subspace
€1
Vo=A| z2 | :21+22=0}
x3
of C3. Write down the matrix of the projection map on to V; in standard basis.
(10) Suppose B = {b1,ba,...,b,} and C = {c1,¢2,...,cn} are two ortho-normal bases of
C™. Then B and C are said to be mutually unbiased if

for some fixed v € C. (i) Show that if B and C are mutually unbiased orthonormal

bases and +y is above, then v = %. (ii) Obtain three mutually unbiased orthonormal

bases B,C, D for C? (any two of them should be mutually unbiased).

(Hint: YoumaytakeBz{((1)>,<(1)>}andC:{< %)(Vé >}.

(11) Challenge Problem (Optional): Get seven mutually unbiased bases for C5 or
show that it is not possible to get that many.



