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Remark: Standard inner product is considered on Rn and Cn unless some other inner
product is explicitly mentioned.

(1) (Hadamard’s inequality). Suppose A is a positive matrix then

det(A) ≤ Πn
i=1aii.

(Hint: First consider the case aii = 1 for every i. Use AM-GM inequality on
eigenvalues. The general case should follow by considering A as a Gram matrix and
suitably re-scaling the vectors.)

(2) State and present a proof of Sylvester’s law of inertia (Hint: See Wikipedia and
other sources).

(3) Obtain polar decompositions and singular value decompositions for following ma-
trices:

A =

[
0 1
2 3

]
, B =

 2 5 0
5 2 0
0 0 4

 .

(4) Obtain Jordan Canonical form for following matrices:

C =

[
0 0
2 0

]
, D =

 2 2 0
2 2 0
0 0 4

 .

(5) Obtain simultaneous diagonalization for the following commuting matrices:

E =

 5 2 0
2 5 0
0 0 3

 , F =

 1 1 0
1 1 0
0 0 4

 .

(6) Write E,F of previous exercise as polynomials of a single matrix G.
(7) Use Cayley-Hamilton theorem to find eigenvalues, eigenvectors and inverses of the

following matrices:

A =

[
5 2
2 5

]
, B =

 5 2 0
2 5 0
0 0 4

 .

(8) Suppose B = [bij ] is an n × n positive rank one matrix. Show that there exist

b1, . . . , bn such that bij = bibj .
(9) Suppose A is a positive matrix. Show that A is a sum of positive rank one matrices.

(Hint: Use spectral theorem).
(10) (Schur product) Given two square matrices A = [aij ], B = [bij ], their Schur prod-

uct A ◦B is defined as the matrix C = [cij ], where

cij = aij .bij .

(It is the entrywise product of matrices.) Show that if A,B are positive then C =
A ◦ B is positive. (Hint: First prove it for rank one matrices. Use exercises 8 and
9.)
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