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(1) Let A be an n x n matrix (with n > 2) where
Q5 = { b lf z - ‘77
c ifi#j,
where b, ¢ are fixed real numbers. (i) Write down the characteristic polynomial of
A. (ii) Show that if b # ¢, A is invertible. (iii) If b # ¢, write down the inverse of

A. (Hint: It has a form similar to that of A). [15]
(2) Suppose
A B
r=[5 4]

where A, B, are square matrices. Prove that
det(P) = det(A — B).det(A + B).

[15]
(3) (i) Show that
< ) ( > =2y + 22292 + 2192
is an inner product on R?. (i) Show that
( ) ( > = T1y1 + 22y2 + 421y
is not an inner product on R?. [10]

(4) (i) Show that

1 0 0
s={[1].l2].[0o]
1 1 5

is a basis for R3.
(ii) Apply Gram-Schmidt process on B and get an orthonormal basis for R3. [15]
(5) A unitary U is said to be a symmetry if U = U*. Show that if P is a projection
then U := P — (I — P) is a symmetry. Conversely show that if U is a symmetry
then U = P — (I — P) for some projection P.
(6) Let aq,...,ax be distinct eigenvalues of a matrix A with respective eigenvectors
Wiye. ., WE :
Ajwj = a;Wy, 1 §] < k.
(i) For any fixed i € {1,...,k}, consider the polynomial p;(x) = IL;+;(x — a;).

Show that
pz-(A)wk =0
for all k # 1.
(ii) Use (i) and show that wq,...,wy are linearly independent. [15]

(7) Let W1, Wy be subspaces of a finite dimensional inner product space V and let Py, P,
be corresponding projections. Show that the following are equivalent: (i) W and
Wy are mutually orthogonal; (ii) Py P, = P, Py = 0; (iii) Py + P, is a projection. [15]



