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Lecture 6: Cauchy Binet formula

» Suppose A, B are m x m matrices. Then we know that
det(AB) = det(A). det(B).
» Now suppose A ia an m x n matrix and B is a n X m matrix

so that AB is again an m X m matrix.

» Question: How can we compute the determinant of AB using
A and B?

» This question is answered by Cauchy-Binet formula.
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» Then
det(AB) = det(A1 Bl) + det(AQ BQ) + det(Ang;),
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» Then

det(AB) = det(A1 Bl) + det(AQ BQ) + det(Ang),

» where A;, B;'s are 2 X 2 matrices formed by choosing columns
of A and respective rows of B:

2 1 4 6
w=los] m=[7 2]
2 0 4 6
Sl FR L b

10 78
wels 7] om=lo]



Notation

» To state the theorem we need some notation.



Notation

» To state the theorem we need some notation.
» Fix m,n e N with m < n.



Notation

» To state the theorem we need some notation.
» Fix m,n e N with m < n.

» Suppose B = [bjk]i<j<ni<k<m o that B is an n x m matrix.



Notation

» To state the theorem we need some notation.
» Fix m,n e N with m < n.
» Suppose B = [bjk]i<j<ni<k<m o that B is an n x m matrix.

> We form m x m square matrices out of B by choosing m-rows
of B.



Notation

To state the theorem we need some notation.
Fix m,n € N with m < n.

Suppose B = [bjk]i<j<ni<k<m S0 that B is an n x m matrix.
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We form m x m square matrices out of B by choosing m-rows
of B.

> Soifl <J1,J25 -5 Jm < n, we take
bjj1  bjo bjym
bipi by ... bpm

B(,j2s---5Jml1,2,...,m) = : :

bjm]- bjm2 PPN bjmm



Notation
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To state the theorem we need some notation.
Fix m,n € N with m < n.
Suppose B = [bjk]i<j<ni<k<m S0 that B is an n x m matrix.

We form m x m square matrices out of B by choosing m-rows
of B.

Soif 1 <ji,jo,...,Jm < n, we take

bj1 bj2 ... bim
B, oy jml1,2, ... m) = b’fl bjfz o B
bt bz - bjm

The notation indicates that the rows chosen are ji, 2, ..., jm,

and columns chosen are 1,2, ..., m.
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» Similarly if A= [aj]i<i<m:1<j<n is an m X n matrix with
m < n, we form square matrices by choosing m-columns of A.
> If1 §j17j27 s 7_jm <n, take
aljl 31J'2 e aljm
32j1 32j2 e azjm

A(1,2,...,m]j1,j2,...,jm) =

Amjy Amjp - Amjn



Continuation

» Similarly if A= [aj]i<i<m:1<j<n is an m X n matrix with
m < n, we form square matrices by choosing m-columns of A.

> If1 §j17j27 s 7_jm <n, take

a4l

.. . aj, a2,
A(L,2,....,mla,J2, -y jm) = ) ]

dmji  Amj,

» Here all rows are chosen and columns ji, jo, ..

to get a square matrix.

Ajm
dan jm

Imjm

., Jm are chosen
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A Lemma

» Lemma 6.1: For any n x m matrix B,
detB(jl7J2>'"7jm’172>"'7m) =0
if j1,...,jm are not distinct. If j1, o, ..., jm are distinct, then

det B(jl,jQ, o ,jm‘l, ceey m)
= €(1)det B(jr(1),Jr(2)s - - - sdr(m)lL, -, M)
where 7 € S, is the permutation such that

Jr) <Jr2) <0 <Jr(m)-
» Proof. Follows from the basic properties of the determinant.
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Cauchy Binet formula

» Theorem 6.2: Suppose A, B are m x n and n X m matrices
with m < nand C = AB. Then det(C) =

> det(A(L,...,mli,. . jm). det(B(i, -yl L, m)).
1< <-<Jm<n
» Note that there are ( ,’; ) terms in this summation.

» Proof. We have

det(AB)
- Z ( )(AB)].O' (AB)20'( 2) .- (AB)ma(m)

0ESH

= Z Zah jo(1)) 2‘321 jo(2)) Zaw jor(m)

0ESH



Continuation

n

= Z aljl e amjm Z G(U)bjlo(l)bjgo( 2) " bjmg

J1sj2y i jm=1 0€Sm
n

= Z aljl...amjmdetB(jl,...,jm|1,...m

J125ejm=1
= Z aljl...amjmdetB(jl,...,jmll,...,m)
J1u2sejm— distinct
= Z Z A,y " Amj(m det B(_jT(l),...jT(m)‘l,
1<ji<-<jm<nTESH
= Z Ay " M (m ( )det B(j1, - - - jm|1,
1<ji<-<jm<n,7€Sm
D> detA(L,....ml, ... jm)det B(j1,. .., jm|1

1< <<jm<n

Thic is what we wanted to nrove B

(m)

m)
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» What happens if m > n.

» We have C = AB, where A is an m X n matrix and B is an
n X m matrix.

» Now m > n, means that we can’t form m X m matrices using
distinct columns of A. This suggests that the determinant
should be zero.

» Exercise: Show that det(AB) = 0 when A, B are as above.
(Hint: rank (AB) < min ( rank A, rank B).)

» Look up Wikipedia for a good account of Cauchy Binet
formula.

» END OF LECTURE 6.



