Function Spaces - B. Math. I1I
Assignment 6 — 1st Semester 2023-2024

Due date: October 23, 2023
Note: Total number of points is 60. Plagiarism is prohibited. But after sustained effort, if
you cannot find a solution, you may discuss with others and write the solution in your own

words only after you have understood it.

For f € L'[—m, 7|, the Fourier coefficients of f are given by
1 [7 1 [7
= —/ f(z) cosnx dx,b, = —/ f(z) sinnx dx.
TJ) TJ)
The series a0 + Yo (a, cos nz + b, sinnz) is the Fourier series of f, and we write
1 o0
~ —ag + a, cosnx + b, sinnzx).
frrgtot 20 )

1. (30 points) Compute the Fourier series of the following functions appropriately defining

them on [—7, 7] assuming they have period 27.

(a) (5 points) f(z) =z on [0, 27|

(b) (5 points) f(x) = 2? on [0, 27];
(¢) (5 points) f(ﬂf): n [—m,7l;
(d) (5 points) f(x) === on [—m, m];
(e) (5 points) f(x) = cos 3 on [0, 27];
(f) (5 points) f(x) =sin 5 on [0, 27].

2. (10 points) Show that if f,g € L'[—m, 7] have the same Fourier series, then f = g a.e.

on [—m, 7.

3. (10 points) (a) (5 points) Provide a simple description of a continuous function on

[—7, 7] which generates the Fourier series,

n=1

6

(b) (5 points) Use Parseval’s formula to conclude that ((6) = 55=.

4. (10 points) (Smoothness and decay) Suppose that f is a 2w-periodic function that sat-
isfied the Lipschitz condition of order o (0 < av < 1); that is |f(z + k) — f(x)| < Clh|*
for C' > 0 independent of z. Show that if a,, b, are Fourier coefficients of f, then

a, =0(Mn"%),b,=0(n"°).
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