LIST OF PROBLEMS

(1) Let P(2) =2+ Y 1o arz® be a complex polynomial of degree n, which is one-one in the open
unit disk D := {z € C: |z| < 1}. Show that |a,| < (1/n).

(2) Assume that the complex numbers ag, ag, - -+ are such that
o0
Z nla,| < 1.
n=2
Show that

flz)=2z+ Z anz"
n=2

defines a function holomorphic in the open unit disk D := {z € C : |z| < 1}, and that f is
one-one in D.

(3) Suppose U C C is open, f is holomorphic on U and f’(z) # 0 for all z € U. Show that
{Re(f(2)) +Im(f(2)): 2€ U} CR

is an open subset of R.
(4) Show that there exists a constant M > 0 such that for every complex polynomial p(z),

max [z71 — p(z)| > M.
|z]=1
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(6) Let f be holomorphic in the whole complex plane and satisfies

2
| 1steyido < 170
0

for all » > 0. Prove that f is the zero function.

(5) For 0 < a < b, evaluate

(7) Suppose the function f = u + v is holomorphic in the whole complex plane and satisfies the
inequality
u? < v + 2004
in C. Is f constant?

(8) Suppose the function f is holomorphic in the whole complex plane and satisfies the inequality
f(2)] < [Re(2)| 7/

off the imaginary axis. Prove that f is constant.



(9) Suppose the function f is holomorphic in the whole complex plane and for each zg € C, atleast
one coefficient ¢, in the expansion

F2) =3 ealz — 20)"
n=0

is equal to 0. Prove that f is a polynomial.

(10) Let f be non-constant and holomorphic in a domain containing the closed unit disk D := {z €
C : |z] < 1}. Show that the image of f contains the open unit disk D := {z € C: |z| < 1} in
each of the following cases:

(a) |f(2)] =1 whenever |z| = 1.
(b) |f(2)| > 1 whenever |z| = 1, and there exists a point zy € D such that |f(z0)] < 1.



