Riemann Surfaces - some basic problems

Q 1. Let ¢ : C — C be given by complex conjugation 1(z) = z. Show that
(C;) defines a Riemann surface structure (denoted by C) on C which has
a different maximal atlas from the standard Riemann surface structure on
C. Show that C and C are biholomorphic as Riemann surfaces.

Q 2. Suppose X is a Riemann surface and ¢ : D* — X is a holomorphic
map. Define

XUgD:=(XUD)/ ~
where the equivalence relation identifies z € D* with ¢(z) € X. Consider
the atlas of X Ug D which consists of all of the charts of X together with one
additional chart given by the inverse of the obvious map from D to X Uy D.
Prove that X Uy D is a Riemann surface if and only if ¢ does not extend to
a holomorphic map from D to X.
Hint: Show that X Uy D is Hausdorff if and only if ¢ does not extend to a
holomorphic map from D to X.

Q 3. Let P(z1;22) be a polynomial and P(zo;zl;ZQ) be its homogeniza-
tion. Write Xp = {(21,22) € C? : P(21,22) = 0} and Xp = {[z0; 21; 22] :
P(Z(), 21, 2’2) = Q}

(a) Show that X\ Xp is a finite set of points and give an upper bound for
the number of points in terms of some property of P.

(b) Consider P(z1,22) = 2¥ — z5. In homogeneous coordinates [z0; 21; 22]
compute Xp \ Xp.

(c) What is the topological surface for the Riemann surface X p when k = 27

Q 4. Let A = wiZ ® woZ for wy1,we € C\ {0} not real multiples of each
other.

(a) Explicitly prove that C/A is a Riemann surface (i.e. construct charts).
(b) Prove that C/A is equivalent to C/A’ where N = Z& 7Z for some 7 € H.
What is the relation between 7 and wq,ws?

(c) Show that z — —z defines an automorphism ¢ € Aut(C/A) with i # Id
but i? = Id.

(d) How many fixed points does i have? That is, how many w € C/A have
the property that i(w) = w?

(e) Prove that translation z — z+b defines an automorphism 7Tj, € Aut(C/A).
Interpret this as defining a group homomorphism C — Aut(C/A) and com-
pute the kernel.



(f) (bonus) Find two lattices A such that C/A has an automorphism which
is not a translation or a translation composed with i. It turns out there are

only two such lattices.
(g) What is the topology of the quotient (C/A)/(Z/2) where Z/2 acts by i?



