Assignment 2

1. Examine the continuity of the following functions f: R? — R at the point (0, 0):

(a)

fag) = | Vo T@9#00

0 when (z,y) = (0,0)
(b) W) if (a,y) # (0,0)
fla,y) = {0 o WheI,l (z,y) _ (0,0)
(c)
fla.y) = HeF ity to
0 o.w.
(d)
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2. Consider the following funcion f: R? — R defined by:

o ﬁLﬁJyQ if (z,y) # (0,0)
f(z,y) {0 when (z,y) = (0,0)

Let m € R. Prove that lim,_,o f(z,mz) = f(0,0) = 0 but f is not continuous at
(0,0).

3. If x = (x1,- - x,) denotes an element of R", prove that
n
lzll < ) lail -
i=1

4. Suppose z and y belong to R™. When does equality hold in the triangle inequality

[z +yll < [l + [lyl?

5. Suppose R™ is equipped with the usual inner product and the usual norm. A linear
map T : R" — R” is called norm preserving if ||Tz| = |lz|. T is called angle-
preserving if (T'z, Ty) = (z,y) .



(a) Prove that 7" is norm-preserving if and only if 7" is angle-preserving.
(b) Prove that a norm-preserving linear map 7' as above is one-one and moreover,

T~ is also norm-preserving.

6. Suppose R" is equipped with the usual inner product and the usual norm. We will let
(R™)* denote the vector space L(R™,R). More generally, if V is a real vector-space,
V* will denote the vector space L(V,R).

Now for z € R", we define an element ¢, in (R")* by the formula

bz (y) = (2, y) .

(a) Check that ¢, is indeed a linear map from R” to R.
(b) Prove that
P R" — (R")*

is a vector space isomorphism. This shows that given any functional ¢ on R",
there exists a unique y in R™ such that for all x in R"™,

¢(x) = (2,9) .

7. Suppose R" is equipped with the usual inner product and the usual norm. Two
vectors x,y are called orthogonal if (x,y) = 0. If x and y are orthogonal, prove that

-+ l* = lll* + gl

8. (a) If (X,d) is a metric space and Y C X, prove that (Y, d) is a metric space.

(b) If X and Y are as in part a, prove that a set U is open in (Y, d) if and only if
U=Y(V, where V is an open set in X.

(c) Let X CR™. A function f: X — R™ is said to be continuous at a € X if given
€ > 0, there exists § > 0 such that for all yinX such that ||y — a|| < , we have

f(y) = fla)]| <e

f is said to be continuous on X if f is continuous at a, for all a € X.

Prove that f is continuous if and only if ¥ W C R™ open, we have f~1(W) =
XV for some V open in R™.

9. Give an example of an open set U in R? such that U is not of the form V x W,
where V and W are subsets of R.

10. Examine whether the following subsets of M, (R) are open, closed, compact, con-
nected subsets of M, (R) :
(a) Glp(R) ={A € M,(R): A is invertible}
(b) On(R) ={A € M,(R): A'A = AA' =1,}
(c) St ={(z,y) e R?: 22 + > =1}



