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Let T be a measure preserving transformation on a probability space (2, F,P). We say that a set
A € F is T-invariant if T~'(A) = A. We say that a set A € F is almost surely T-invariant if
P(AAT~1(A)) = 0.

Problem 1. Show that Z = {A € F: T7'(A) = A} is a o-algebra. (This is called the invariant
o-algebra of T'.)

Solution. Obviously T7-1(Q) = Q and T71(0)) = §. For A € T, T~1(A°) = (T~(A))" = A°. Let
{A;,}n>1 be a sequence of T-invariant sets. Then 7* (Unzl An> =Ups1 T (An) = U, An- So
Un21 A, is T-invariant. Thus Z is a o-algebra. (|

Problem 2. Show that the collection of almost surely T-invariant sets is just a completion of Z.

Solution. Let Iy = {A € F: P(AAT'(A)) = 0}. Note that Z C Z,. Let A € Zy. Then
P(A°AT1(A%)) = P (A°A (T71(4))) = P(AAT'(4)) = 0.

So A° € Zy. Let {A,,}n>1 be a sequence of almost surely T-invariant sets. Then

P UAn AT ! UAn =P UAn AUT‘l(An)

n>1 n>1 n>1 n>1
< P(AATT(A,))
n>1
=0.

So Un21 A, is almost surely T-invariant. Thus Zj is a o-algebra. Now let A € Zy such that P(A) =0
and B C A. Then

P(BAT(B)) < P(AAT*(A)) = 0.
So B € Ty. Thus Zj is a completion of Z. O



