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1. Let G be a finite group and let d be divisor of |G|. Suppose there are exactly two
subrgoups H1, H2 of G of cardinality d, such that H1 is not normal.

(a) Show that |G| is even.

(b) Show that H1
∼= H2 and NG(H1) ∼= NG(H2).

(c) Show that |G| = |NG(H1)|+ |NG(H2)|.

2. Let G be a finite group. Show that there exists a a filed K and finite Galois
extension L/K such that G(L/K) ∼= G.

3. Let p be a prime show that there exists K/Q finite and K ′/K Galois such that
G(K ′/K) ∼= Z/pZ and [K : Q] = p!/2.

4. Construct a Galois extension K/Q of degree 5.

5. Let p be a prime and a ∈ Z positive such that p|a but p2 doe snot divide a.

(a) Show that xm − a is an irreducible polynomial in Q[x].

(b) Let ζm be a primitive m-th root. Show that [Q(ζm) : Q] = φ(m) and xm−a
does not have a root in Q(ζm).

(c) Show that Q(ζm, a
1/m)/Q(ζm) is a cyclic Galois extension.

(d) Find an irreducible polynomial f(x) ∈ Q(ζm)[x] , such that Q(ζm, a
1/m) is

the splitting field of f(x) over Q(ζm).

(e) Let m be a prime and let g(x) ∈ Q[x] be the minimal polynomial of ζm over
Q. Show that g(x) is irreducible over Q(a1/m) and xm−a is irreducible over
Q(ζm).

6. Let p be a prime, n positive integer and let k be finite field with q = pn elements.
Let K/k be a extension of degree 2. Let G(K/k) = (σ), where σ(x) = xq.

(a) Show that the map φ : K∗ → K∗, given by φ(x) := σ(x)/x, is a group
homomorphism.

(b) Show that NK/k : K∗ → k∗ is a group homomorphism.

(c) Use Hilbert theorem 90 to show that |Ker(NK/k)| = q + 1.
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