
Practice problems 4

Probability Theory (M. Math.)

1. Show that if S is countable, P is irreducible and y is recurrent, then

Fxy := Px[τy <∞] = 1,

where τy(ω) = inf{k ≥ 1 | Zk(ω) = y}, through the following steps.

(a) Show that if y is recurrent, then z is recurrent for any z ∈ S.

(b) Show that for all k ∈ N,
Py[τ (k+1)

y <∞] = 1.

Use the equality relating it to Py[τ (k)y <∞]; here τ
(k+1)
y = inf{n > τ

(k)
y | Zn = y}

with the convention that infimum of the empty set is infinity; τ
(1)
y = τy, τ

(0)
y =0.

(c) Show that

Py[τ (k+1)
y <∞] ≤

∑
z∈S

(P k)yz Pz[τy <∞].

(d) Conclude that for any y, z ∈ S, Pz[τy <∞] = 1.

2. Show that (τ
(k+1)
y − τ

(k)
y )k≥0 are iid with law (τy)∗Py. (Check that τ

(k+1)
y − τ

(k)
y =

τy ◦ T τ
(k)
y .)

3. Use MClassT to show that
EP[fg|G] = gEP[f |G],

for G ⊂ F , for f ∈ L1(Ω,F ,P) and g bounded G-measurable.
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